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ANDREAS MAURIS CHAT 

Abstract. This article presents a theory of modules with iterative connection. This theory is 
a generalisation of the theory of modules with connection in characteristic zero to modules over 
rings of arbitrary characteristic. We show that these modules with iterative connection (and also 
the modules with intcgrable iterative connection) form a Tannakian category, assuming some nice 
properties for the underlying ring, and we show how this generalises to modules over schemes. We 
also relate these notions to stratifications on modules, as introduced by A. Grothendieck (cf. [B078]) 
in order to extend integrable (ordinary) connections to finite characteristic. Over smooth rings, we 
obtain an equivalence of stratifications and integrable iterative connections. Furthermore, over a 
regular ring in positive characteristic, we show that the category of modules with integrable iterative 
connection is also equivalent to the category of flat bundles as defined by D. Gieseker in [Gie75]. 

In the second part of this article, we set up a Picard-Vessiot theory for fields of solutions. For 
such a Picard-Vessiot extension, we obtain a Galois correspondence, which takes into account even 
nonreduced closed subgroup schemes of the Galois group scheme on one hand and inseparable 
intermediate extensions of the Picard-Vessiot extension on the other hand. Finally, we compare our 
Galois theory with the Galois theory for purely inseparable field extensions given by S. Chase in 
[Cha76]. 



1. Introduction 

For characteristic zero, N. Katz described in |Kat87| a general setting of modules with connection 
to describe partial linear differential equations, and established a Galois theory from an abstract 
point of view: He showed that - under some assumptions on the ring - the category of modules 
with connection (and also that of modules with integrable connection) forms a neutral Tannakian 
category over the field of constants and neutral Tannakian categories are known to be equivalent 
to categories of finite dimensional representations of proalgebraic groups (see |DM89j ). However, 
this theory works only in characteristic zero. This is mainly caused by the fact that in positive 
characteristic p, every p-th power of an element in a ring is differentially constant. A. Grothendieck 
gave a notion of stratifications (cf. |B078j ) which generalises the notion of integrable connections 
to arbitrary characteristic, and which turns out to be a "good" category. In positive characteristic, 
a theorem of Katz (see |Gie75| ) shows that over smooth schemes, modules with stratifications are 
equivalent to flat bundles (or F-divided sheaves as they are called in |San07] ) , which enables Gieseker 
and Dos Santos to obtain further properties of the fundamental group scheme resp. the Tannakian 
group scheme. 

In the flrst part of this article, we set up a theory over rings of arbitrary characteristic, which 
generalises the characteristic zero setting not only in the integrable case, but also in the non- 
integrable case, using so called iterative connections. The integrable version, however, (so called 
modules with integrable iterative connection) is again equivalent to flat bundles over a regular ring 
in positive characteristic (cf. Section [8]). 

For obtaining this theory, differentials will be replaced by a family of higher differentials., similar 
to the step from derivations to higher /iterative derivations in positive characteristic (see for example 
[MatOlj and |MvdP03] ) . In getting the right setting, the main idea is the following: For an algebra 
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R over a perfect field K, regard an iterative derivation on R over K (or more generally, a higher 
derivation) not as a sequence of iiT-linear maps 

(^gik) . ji _^ (as it is done in [HSST], [MatOlj 

etc.) but as a homomorphism of X-algebras tp : R ^ ^[[^]] W summing up, in detail il^{r) := 
^'''^'*(^)^^ (V' is often called the Taylor series), and moreover regard the ring of power series 
i?[[T]] as a completion of the graded i?- algebra R[T]. This leads to the notion of "cgas" (completions 
of graded algebras; cf. Section [J]), which allows to generalise the definition of a higher derivation 
and to obtain a universal object ^r/k with a universal higher derivation d^ : — > Clji/^, replacing 
the module of differentials ^rjk used in the classical theory (cf. Theorem 13. lOp . 

In Section HI we introduce the definition of a higher connection on an i?-module. Furthermore, 
we show that a finitely generated i?-module that admits such a higher connection is locally free, if R 
is regular and a finitely generated iC-algebra (Corollary [53]). At least in positive characteristic, this 
is an improvement to the literature, since no integrability condition is needed. Although modules 
with higher connection might be interesting on their own, our main concern are modules with so 
called iterative connection and modules with integrable iterative connection (cf . Section [5]) , which 
are obtained by requiring additional properties on the higher connection. One of the main results 
of the first part is given in Section [6l namely 

Theorem 16.101 Let R he a regular ring over a perfect field K and the localisation of a finitely 
generated K -algebra, such that Spec(i?) has a K -rational point. Then the categories HCon(i?/i^), 
\C>on{R/ K) and \CoTLi\nt{R/ K) of R-modules with higher connection resp. iterative connection 
resp. integrable iterative connection are neutral Tannakian categories over K. 

The reason for considering iterative and integrable iterative connections becomes clear in the 
next two sections. In Section [71 we have a look at characteristic zero. Here we show that iterative 
connections on modules are in one-to-one correspondence to ordinary connections, if R is regular, 
and that the integrability conditions coincide via this correspondence. Hence the theory of mod- 
ules with (integrable) iterative connection really is a generalisation of modules with (integrable) 
connection in characteristic zero. 

Section [8] is dedicated to the case of positive characteristic. The main result here is the equiv- 
alence between the category \CoTi\ni{R/ K) and the category of Frobenius compatible projective 
systems (Fc-projective systems) over the ring R. (Again under the assumption that R is regular.) 
Essentially, Fc-projective systems over R can be identified with flat bundles over Spec(i?) resp. 
F-divided sheaves on Spec(i?). Using the equivalence above, we can deduce from Corollarv 14.51 that 
for an Fc-projective system {Mjjjgp}, the i?-module Mq is locally free. This is a slight improvement 
of [SanOTj . Lemma 6, where the underlying field K is supposed to be algebraically closed. 

As mentioned in the beginning, stratifications on modules as introduced by A. Grothendieck (cf. 
|B078j ) also generalise the notion of integrable (ordinary) connections. At least if R is smooth over 
K and K is algebraically closed, in characteristic zero as well as in positive characteristic, we can 
deduce from our results that the category of stratified modules and the category IConint(-R/-f^) 
are equivalent, using the equivalence between stratifications and integrable connections on modules 
in characteristic zero (cf. [B078J . Thm. 2.15) respectively a theorem of Katz on the equivalence of 
stratified modules and fiat bundles in positive characteristic (cf. |Gie75| . Thm. 1.3). However, there 
is no obvious direct correspondence between stratifications and integrable iterative connections, and 
it is an open question whether there is any correspondence at all, if R is not smooth. 

We conclude the first part of this paper by outlining a generalisation of modules with higher 
connection to sheaves of modules with higher connection (resp. (integrable) iterative connection) 
over schemes in Section [9l 

In the second part (Sections [TOl [H] and [12]), we consider solution rings and solution fields for 
modules with iterative connection, which we call pseudo Picard-Vessiot rings (PPV-rings) resp. 
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pseudo Picard-Vessiot fields (PPV- fields), following the notion of classical differential Galois theory. 
Indeed, the Picard-Vessiot theory given here is set up in a more general context (namely for so 
called 9-fields), so that it can be applied not only to modules with iterative connection, but also 
to the iterative differential modules as in [MatOlj and |MvdP03] . Given such a PPV-ring R over a 
6'-field F, we obtain a Galois group scheme Q := Gal(-R/F) defined over the constants Cp oi F (cf. 
Prop. 110. 9p . and we show that Spec(-R) is a. {Q Xcp -F)-torsor (cf. Cor. llU.lip . The main theorem 
of this part is the Galois correspondence, namely 

Theorem 111.51 (Galois correspondence) 

Let R he a PPV-ring over some 6-field F , E := Quot(fi) the quotient field of R and Q := Gal (R/F) 
the Galois group scheme of R/F. 

i) There is an antiisomorphism of the lattices 

S) := {H \7i <Q closed subgroup schemes of G} 

and 

dJl:= {M \ F < M < E intermediate 9-fields} 
given by^ : ^ m,n ^ E^ and <^ : Tt ^ Sj, M ^ Gal{RM/M). 

ii) IfH <g is normal, then E'^ = Quot(i2^) and R^ is a PPV-ring over F with Galois group 
scheme G^{R^/F) ^ g/H. 

iii) If M is stable under the action of Q, then 7i := <I>(M) is a normal subgroup scheme of 
g, M is a PPV-extension of F and Gal{R n M/F) = g/H. 

iv) For Ti ^ S), the extension E/E'^ is separable if and only ifTL is reduced. 

Here, i?^ resp. E''^ denote functorial invariants of R resp. E under the action of the group functor 
H (cf. Section [n]). 

Contrary to the Galois correspondence given by Matzat and van der Put in |MvdP03j in the 
iterative differential case, our correspondence takes into account not only reduced subgroup schemes 
and intermediate iterative differential fields over which E is separablqj, but even the nonreduced 
subgroup schemes and those intermediate fields over which E is inseparable. By part iv) of the 
theorem, in this general setting also the separability condition and the reducedness condition cor- 
respond to each other. Our Galois correspondence is quite similar to a Galois correspondence given 
by M. Takeuchi for so called C-ferential fields between intermediate C-ferential fields and closed 
subgroup schemes, although he uses a different definition of PV-extension. The relation to this 
correspondence is discussed in Remark 111.11 We conclude Section [TT] by some examples to enlight 
our Galois correspondence (cf. Example 111. Sp . 

In the last section, the Galois theory given here is compared with the Galois theory for purely 
inseparable field extensions given by S. Chase in |Cha76| . who extended the theory of N. Jacobson 
(cf. |Jac64| ) to Galois group schemes of arbitrary exponents. 

2. Notation 

Throughout this article, K denotes a perfect field, R and R denote integral domains, which 
are finitely generated K-algehias (or localisations of finitely generated X-algebras) and f : R ^ R 
denotes a homomorphism of -fC-algebras. M will be a finitely generated i?-module. 

As mentioned in the introduction, we need the notion of "completions of graded algebras". So 
let ^ graded i2-algebra. Then the ideals Ik '■= ®iZk ^orm a filtration of the algebra 

and one obtains a completion of ^iZo^i with respect to this filtration (cf. ^Eis95| . Ch. 7.1). As 

oo 

an ii-module, this completion is isomorphic to H 

i=0 



This separability condition is missing in |MvdP03] . but has been added for example in [Ama07) and |Hei07j . 
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Definition 2.1. (cgas) A commutative i?-algebra B is called a completion of a graded algebra, 
or a cga for short, if B is the completion of a graded i?-algebra ^« above sense. We 

call Bi the i-th homogeneous component of B. B is called a ^-cga, if S is a cga with Bq = R. 
The augmentation map will be denoted hy e : B ^ Bq = R. More generally, the projection map to 
the i-th homogeneous component will be denoted by prj : B ^ B^. 

Example 2.2. i) The ring of formal power series is an i?-cga, with i-th homogeneous 

component i? • T*. 

ii) The ring ^ is a cga with (^)o = R and {R)i = for i > 0. In particular, the ring R itself is 
the trivial i?-cga with = for i > 0. 

Remark 2.3. i) Similar to the notation of a power series as an infinite sum, elements of a 
cga B are denoted by Yl^o^ii where hi G Bi. This notation is also justified by the fact 
that indeed, Xl£o ^* limit of the sequence of partial sums (X^"=o ^i)nm in the given 

topology, or in other words, X^i^o ^« ^ convergent series. 

ii) Since -Bfe is dense in B, the continuous extension of a given homomorphism of graded 
i?-algebras is unique. By a homomorphism of cgas, we will always mean a homomorphism 
that is induced by a graded homomorphism of the underlying graded algebras. 

iii) For two cgas B and B, we define the tensor product B B, namely the cga with homo- 
geneous components {B (g) B)^ := ^i+j=k^i ®R 

Wc sometimes have to consider homomorphisms between cgas that aren't induced by homo- 
morphisms of graded algebras. So let B and B be cgas and let g : B ^ B he a continuous 
homomorphism of iC-modules (or even ^C-algebras) . Then we define "homogeneous components" 
g'(') : B ^ B {i E Z) oi g to he the continuous homomorphisms of K-modules given by 

g'^'^lBj ■■= pr^+j og\Bj -.Bj^ Bi+j 

for all j G N (set Bi+j := for i -|- j < 0). The g^^^ uniquely determine g, because for all bj G Bj, 

oo 

^ g^'^\bj) converges to g{bj). 

i=-j 

Such a continuous homomorphism of -R'-modules g : B ^ B is called positive, if g^'^^ = for 
i < 0, and we denote by Hom^(S, B) the set of positive continuous homomorphisms of K-modules 
from B to B. A short calculation shows that for cgas B and B, a continuous homomorphism 
g : B ^ B is a homomorphism of ii'-algebras if and only if the maps g^''^ satisfy the property 

Vfe G N,Vr,s G 5 : g^''\rs) = ^ g^^{r)g^^\s). 

i+j=k 

Furthermore, the monoid {K, •) acts on the set Hom^(iJ, B) of positive continuous homomorphisms 
of if-modules by 

(a.5)« := a' ■ 5« {i > 0) 
for all a G -fC, (/ G Hom^(-B,S). If 5 is a homomorphism of algebras, then a.g also is a homomor- 
phism of algebras. Moreover, for g G HomJ(i3, B), h G Hom^(5, B) and a e K, we have 

a.{h o g) = a.h o a.g, 
i. e. the action of K commutes with composition. 

Definition 2.4. For a cga B. a cgm over B is the completion of a graded module over the graded 
algebra ^^g-^'s' completion taken by the topology induced from the grading. In the same 
manner as for cgas, we define homogeneous components of cgms, continuous homomorphisms be- 
tween cgms and homogeneous components of those. There also is an action of the monoid {K, •) on 
the set of positive continuous homomorphisms between two given cgms. 
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Remark 2.5. Some special maps, that we will use here are the higher derivations on rings and 
modules (cf. Sections [3] and H]) - maps in Hom^(i?, i?) resp. HomJ(M, i3 (gj/j M) the extension 
d^ of the universal derivation to the algebra of higher differentials - a map in Hom^(Q,0) (cf. 
Section [S]) -, the extensions of iterable higher derivations (cf. Section [TO]) as well as the extensions 
of higher connections on M to maps in Hom^(17 Cgi/j M, Cl M) (cf. Section and the extensions 
of iterable higher derivations on M (cf . Section [T0|) . 

3. Higher Derivations and Higher Differentials 

In this section we explain the notion of higher derivations on rings and modules. The definition 
used here is different from that introduced by Hasse and Schmidt in [HS37] . In fact, it is a general- 
isation, as we will show later on. This more general definition is necessary to define the algebra of 
higher differentials universal object. 

Definition 3.1. Let i? be a ii-cga. (As mentioned earlier R, R denote integral domains over K 
together with a homomorphism of -fC-algebras f : R ^ R.) A higher derivation of i? to i? over 
K is a homomorphism of -fC-algebras ip : R ^ B satisfying e o ip = f : R ^ Bq = R. The set 
of all higher derivations of i? to -B over K will be denoted by HD;^(i?, S). In the special case of 
B = R[[T]\ (and R = R, f = id/j) we set liBK{R) := HBxiR, R[[T]]). 

Remark 3.2. i) Since a higher derivation ip G HDxiR, B) can be regarded as a positive 
continuous homomorphism from the cga R to the cga B, the "homogeneous components" 
of ip are denoted by V'^^'' : R and for every r G i2, we then have ipir) = X^fcLo V'^'^H'^)- 

(The right hand side is a series that converges in the topology of B.) 

ii) Let •0 G HD/^ (ii). Then since e o ip = id^?, the maps V^^'^) -.R^R-T^^R are homomor- 
phisms of X-modules and satisfy the following properties: 

(1) V'^"^ = idfl 

(2) VA; G N,Vr,s G : i;^^\rs) = ^ {r)%l:^^\s) 

i+j=k 

Furthermore, any sequence (^d^^^) of X-module-homomorphisms 9*-'^^ : R ^ R satisfying 

these two properties defines a higher derivation ip : R ^ -^[[^]] via ip{r) := X^fe^o ^^'^H'^)^^- 

iii) As mentioned in the beginning, Hasse and Schmidt defined a higher derivation to be a 
sequence as above. Hence our definition of a higher derivation ijj G }IDk{R) is 
equivalent to that of Hasse and Schmidt. 

Example 3.3. i) If the characteristic of K is zero, then any i^T-derivation d : R ^ R (in the 
classical sense) gives rise to a higher derivation cpg G HD/^ (ii) by 

oo ^ 

(see also Section [7]) . 

ii) For a polynomial algebra R = K[ti, . . . , tm], every higher derivation of R into some -R-cga B 
is given by an m-tuple (6i , . . . , bm) of elements of B satisfying e{bj) = tj for all j = 1, . . . , m. 
The higher derivations (pt^ G iiDKiK[ti, . . . ,tm]) given by (ptj (ti) = U for i / j and 4>tj {tj) = 

tj + T play an important role. In the classical context, (p^i^ is just the partial derivation 
with respect to tj. We therefore call (ptj the higher derivation with respect to tj. 
If R is formally etale over K\ti,. . . ,tm\ (see Def. 13.41 and Example 13. Sp . then the (ptj £ 
HDj<'(i^[ii, . . . ,tm\) uniquely extend to higher derivations on R by Proposition 13. 7i These 
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derivations will also be referred to as higher derivation with respect to tj and will also 
be denoted by cpt - 

Definition 3.4. (cf. |Gro64j . Def. 19.10.2) 

Let S, S be rings and g : S ^ S a homomorphism of rings. S is called formally etale over S if, for 
each surjective homomorphism of rings h : T ^ T with nilpotent kernel, and all homomorphisms 
V : S ^ T and v : S ^ T satisfying v o g = hoy, there exists a unique homomorphism u : S ^ T 
such that uo g = V and ho u = v, i.e., one obtains the following commutative diagram: 




Example 3.5. i) As it is shown in |Gro64j . Example 19.10.3(ii), localisations of a ring S are 
formally etale over S. 

ii) Every finite separable extension of a field F is formally etale over F (cf. |Gro64j . Ex. 
19.10.3(iii)). 

A more general example is the following: 

Proposition 3.6. Let S be a ring, let S = S{y) be an extension of S with minimal polynomial 
m{X) G S[X\ of y and such that m'{y) is invertible in S, where m'{X) := ■^m{X). Then S is 
formally etale over S. 

Proof. Let /i : T — > T be a surjective homomorphism with nilpotent kernel / := Ker(/i) and let 
V : S ^ T and v : S ^ T he as in Definition 13. 4[ Since every lift u of w is given by the image 
of y in T, we have to show that there exists a unique element z & T with h{z) = v{y) =: z and 
m{z) = 0. (By abuse of notation, we also write m{X) for the polynomial v{m){X) E T\X] and 
also for the polynomial h{v{m)){X) G T[X].) We will show by induction that for each k > 1, there 
exists a G h^^{z) with m{zk) E J*', and that Zj. is unique modulo with this property. Since / 
is nilpotent, this proves the claim by choosing k sufficiently large. 

For k = 1, any preimage zi of z works, since / = Ker(/i). Now assume for given k > 1, there is 
a Zfc G T satisfying /i(zfc) = z and m{zk) G , which is unique modulo . Since m'{y) is invertible 
in S, we have m'{z) G and so m'{zk) G T^, by |Mats89j . Ex. 1.1. 

Using Taylor expansion, for Q G , we have m(zfc + (^) = m{zk) + m'{zk)C niod l''^^. Therefore 
m{zk + C) S /'^+^ if and only if C = —m' {zk)~^i^{zk) mod I^"*"^. Since by hypothesis, m{zk) G 
and hence —m'{zk)^^m{zj^) G I^, the element Zf^^i := z^ — m' {zj^)~^m{zj^) G T satisfies h{zj^^i) = z 
and m{zk+i) G 1*^+-'^, and z^+i is unique modulo I^^^ with these properties, since z^ was unique 
modulo l'^. □ 

We return to higher derivations (again using the notation given at the beginning of Section [2]). 

Proposition 3.7. If R is formally etale over R, then every higher derivation ip G HDi^(i?, i?) to a 
R-cga B can be uniquely extended to a higher derivation ipe G HD/^(i?, i?). 

The proof is almost identical to H. Matsumura's proof for the case B = i?[[T]], so we will omit 
it here. (See |Mats89j . Thm. 27.2; formally etale is called 0-etale there). 

Definition 3.8. For ip G HDx(-R) we define a continuous endomorphism ?/'[[T]] on -R[[T]] by 
'0[[T]](^^Q a.jT*) := X]£o ^('^«)-^*- (-'-^ iact, 'i/'il^]] is an automorphism.) Using this we get a 
multiplication on HD/^(i?) by 

(3) Vi-V'2 :=V'i[m]oV2 GHDK(i?) 

for -01)^2 £ HDx(-R). This defines a group structure on HDj<-(-R) (see |Mats89] .§27). 
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The link to (ordinary) derivations is given by 

Proposition 3.9. For char(K) = 0, the set Der(i?) := {V'^^^ | i> G BBk{R)} is the R-module of 
derivations on R (cf. Prop. \7.1^ . 

We now turn our attention to the universal higher derivation: 

Theorem 3.10. Up to isomorphism, there exists a unique R-cga ^rjk (which we call the algebra 
of higher differentials ) together with a higher derivation d/j : R ^r/k satisfying the following 
universal property: 

For each R-cga B and each higher derivation tp : R ^ B there exists a unique homomorphism of 
R-cgas : Ri^ ^r/k ~^ B with ip o {1 ® ^r) = ip. In other words, ^r/k represents the functor 
RBk{R,-). 

Proof. We construct Qji/x- Uniqueness is given by the universal property. 

Let G = R[d^^^r \ k £ N+,r G R] be the polynomial algebra over R in the variables d^'^V and let 
the degree of d'-'^V be k. Define / < G to be the ideal generated by the union of the sets 

{S''\r + s)- d^'^V - S'^h \k£N+;r,s£ R}, 

{S''^a\k€n+;ae K} and 
k 

{dW(rs) -^dWr-d(^-^)s \ken+;r,se R}, 

where we set for all r G R. Therefore / is a homogeneous ideal and we define ^r/k to be 

the completion of the graded algebra G/I. We also define the higher derivation Ar : R ^ ^r/k by 
dR{r) := X^fcLo^^'^^^- (Here and in the following the residue class of d^'^V G G in ^r/k will also be 
denoted by d^'^V.) 

The universal property is seen as follows: Let ip : R ^ B he a. higher derivation. Then we define 
an i?-algebra-homomorphism g : G ^ B hy g{d^''^r) := ip^^^r) for all /c > and r ^ R. The 
properties of a higher derivation imply that I lies in the kernel of g, and therefore g factors through 
g : G/I B. Hence, we get a homomorphism of algebras ^r/k ~^ B hy extending 'g continuously 
and therefore a homomorphisms of -R-cgas tp : R® ^r/k ~^ B. On the other hand, the condition 
o (1 (g) Ar) = tp forces this choice of g and so ^ip is unique. □ 

Remark 3.11. In |Voj07| , P. Vojta defined an i?-algebra HS'^^^ that represents the functor R h-> 
HDii:(i?, i?[[T]]) for any i?-algebra R. Actually, HS'^^j^ is a graded algebra, and by construction 
^R/K is just the completion of HS^i^ (cf. the construction of HS'^^j^ in |Voj07| , Def. 1.3). Hence, 
some properties of ^r/k can be deduced from the properties of HS^jj^ given in |Voj07| . 

Proposition 3.12. (a) For every homomorphism of rings f : R ^ R there is a unique homo- 
morphism of R-cgas Df : R (8) ^r/k ~^ ^r/k ^'^^^ ^^^^ "^.r ° / ~ B>f o (1 (8) d/?). 
(b) // R is formally etale over R, then Df is an isomorphism. 

Proof. Since d^ o / is a higher derivation on R, part (a) follows from the universal property of 
^R/K- Part (b) follows from |Voj07| , Thm. 3.6, where it is shown that the homomorphism of the 
underlying graded algebras is an isomorphism in this case. □ 

We consider three important examples. 
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Theorem 3.13. (a) Let R = K\ti, . . . ,tm] be the polynomial ring in m variables. Then ^rik 
is the completion of the polynomial algebra R[S^Hj \ i G N+,j = 1, . . . 

(b) Let F/K{ti, . . . ,tm) be a finite separable field extension. Then i^p/K completion of 
the polynomial algebra F[d*-*^ij | i G N+,j = 1, . . . ,m]. 

(c) Let (R, m) be a regular local ring of dimension m, letti, . . . , tm generate m and assume that R 
is a localisation of a finitely generated K-algebra and that R/m is a finite separable extension 
of K . Then ^hjk is the completion of the polynomial algebra R[d'^^'^tj \ i G N^, j = 1, . . . , m]. 

Remark 3.14. The completion of such a polynomial algebra will be denoted by 
R[[S-'^Hj I i G N+, J = 1, . . . , m]], although it is not really a ring of power series, because it contains 
infinite sums of different variables. 

Proof. Part (a) is a direct consequence of |Voj07| , Prop. 5.1. Part (b) then follows from Prop. 
I3.12l fbl. since by Example 13. 5^ K{ti, . . . ,tm) is formally etale over K[ti, . . . ,tm] and F is formally 
etale over K(ti, . . . , tm)- 

It remains to prove (c): We will show that (-R/m) Cg) ^r/k is isomorphic to (i?/m)[[d(*)tj]]. Then, 
since Quot(i?) ® ^r/k is isomorphic to Quot(i?)[[dWt^]] (Prop. 13.121 and part (b)), by [Hart77j . 
Ch.II, Lemma 8.9, it follows that {^R/K)k is a free i?-module and that the residue classes of any 

basis of {^R/K)k form a basis of {R/m <^ ^R/K)k- Hence we obtain ^r/k = -R[[d*-*^tj]]. 

First, let ^ : ^ -B be a higher derivation of R to an i?/m-cga B. Then for all A; G N and 

ri, . . . , rk+i G m, we have 

V'^'^(n--Tfc+i)= Y. V'^'^^(n)---V'(''^+^)(rfc+i) = o, 

i-i^ hifc+i=A; 

since in each summand at least one ij = 0, and so il)^^'^\ri) ■ ■ ■ 'il)^^^+'^\rk+i) G mB = 0. Therefore 
V''-^^ (and V'^*^ for i < k) factors through i?/m*''+^. 

Next, since R/m is a finite separable extension of K, there is an element y G R/m which generates 
the extension K C R/m. Let g{X) G -?^[-'^] be the minimal polynomial of y, then starting with an 
arbitrary representative y G i? for y, using the Newton approximation yn+i = y-n — g{yri)g' {yn)~^ ■, 
we obtain an element y^ ^ R such that g{yk) = mod m'^^"'^ for given A; G N. (Note that the 
Newton approximation is well defined and converges to a root of g{X)^ due to the fact that 
g{v) = 9{y) = G R/m and g'{y) = g'{y) / G R/m, so g{y) G m and g{y) e R"" , as well as 
inductively for all n G N: yn+i = Vn = V ^ R/m, g{yn+i) G m and g'{yn+i) G R^ .) This proves 
that for all G N, the ring R/m'^'^^ contains a subfield isomorphic to R/m. 

Now by [Mats89] , Theorem 14.4, the associated graded ring gr(i?) of R is isomorphic to the polyno- 
mial ring {R/m)[ti, . . . ,tm] and therefore we obtain gr(i?/m^+^) = {R/m)[ti, . . . ,tm]/n^~^^, where n 
is the ideal generated by {ti, . . . ,tm}- Furthermore, since R/m^^^ contains a subfield isomorphic 
to R/m, we see that the inclusion : {R/m)[ti, . . . ,tm]/n^~^^ R/m'^^^ (given by the inclusion 
K[ti, . . . , tm\/n^~^^ C R/m^~^^ and y i-^ y^) is an isomorphism. 

Hence, every higher derivation : gr(i?) B into an i?/m-cga B induces a higher deriva- 
tion ipR : R ^ B on R hy V'^'' := V'gr^ ° {k G N) and vice versa. So R/m ^r ^r/k — 
R/m ®gr(/?) ^gr{R)/K = iR/m)[[S'hj]]. □ 

Corollary 3.15. Let R be a finitely generated K-algebra which is a regular ring, then the homoge- 
neous components {^R/K)k (k are projective R-modules of finite rank. 

Proof. For every maximal ideal m<R, the localisation Rm fulfills the conditions of Theorem l3.13f c). 
And so by Proposition 13.121 Rm'^R {^R/K)k — {^Rra/K)k is a free -Rm-module of finite rank. Hence 
by |Eis95j . Thm. A3. 2, {(lR/K)k is a projective i?-module of finite rank. □ 
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From now on we also write Cl for Qj^/j^. 

Theorem 3.16. For each a G K , there is a continuous homomorphism of K -algebras aA^ : ^ 17 
defined by 

j=0 ^ -J ^ 

for all i GN and r £ R. The homomorphisms a.d^ satisfy the following three conditions: 

i) aA^ extends the higher derivation aAn : R ^ Vt. 

ii) For all a,b £ K: {aA^ o (6.d^) = (a + b)A^. 

iii) O.dj^ = idj^. 

For short, we will write d^ instead of l.d^ and — d^^ instead of — l.dj^. 

Proof. It is not hard to check that a.d^ is well defined. Then the first and third statements are 
obvious and the second one is shown by an explicit calculation using some combinatorial identities 
(see |Ros07] . Theorem 2.5 for details). □ 

Remark 3.17. i) By the second and the third property, we see that a.d^ is actually an au- 
tomorphism of r2 for all a € K. The endomorphisms a.d^^ play an important role in the 
iterative theory, as will be seen in Section [5j 
ii) From the definition, we see that a.d^ is the image of d^ under the action a £ K, as given 
in Section [21 thus the notation a.d^. 

Proposition 3.18. For all i,j G N we have: 



where d^^ denotes the i-th homogeneous component of d^ (cf. Section\B^. 

Proof. For all i,j G N and u) £ VL, the term (^^^ ° '^(i^ ^^'^ coefficient of a^V in the ex- 

pression ((a.dj^) o (6.dj^)) (a;). Furthermore by Theorem 13.161 (a.d^) o (6.d^) = (a + b).d^ and so 
d^^ o d^^^ {uj) is the coefficient of a^V in the expression {a-\-b).d^{ijj) = Y11^=q{^ ~^ i'^) ^ i-^-' 

equals C'~^.^\d^~^^\ijj). (For a finite field one has to use the little trick explained in Remark 15.61 
to justify this conclusion.) □ 

4. Higher Derivations on Modules and Higher Connections 
In the following, M will denote a finitely generated i?-module and B will be a i?-cga. 

Definition 4.1. Let ip : R ^ Bhea higher derivation of ii to over K. A (higiier) ^/^-derivation 

of M is an additive map ^ : M ^ B 0^ M with (e (g) Am) o = / idM and ^'(rm) = ■0(r)^'(m) 
for all r G ii, m G M. The set of ■0-derivations of M is denoted by HD(M, ■0). 
A higher connection on M is a d/j-derivation V G HD(M, d/j). If V is a higher connection on 
M, for any higher derivation tp G HD/^ (ii,i?), we define the ■i/'-derivation on M by 

:= {i/j Am) o V : M ^ CIh/k ®rM ^ B®rM 

(cf. Remark gj^i)). 

For all a G iC we define an endomorphism a.j^V : ®r M (8)_r M by 

(a.j^V)(u; ® x) := a.d^{uj) ■ (a.V)(x) 
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for allij £ Cl and x £ M, i.e. a.^ = (^^ (8) idAf ) o {a.d^ a.V), where fi^ denotes the multiphcation 
map in 0.. 

Remark 4.2. i) For a given ^ S HDxiR, B), every homomorphism of i?-cgas g : B ^ B 
induces a map : HD(M, tp) HD(M, g o ip) , {g (g, idM) ° ^■ 

Using the action of K in this context, for every ^ G HD(M, ^) and a € K, we get an 
(a.'i/')-derivation a.^. 

ii) Let ipi,ip2 £ HDi^(i?) and € HD(M, ^/^j) (i = 1,2). Then as in Definition 13.81 we have an 
automorphism ^'[[T]] of i2[[T]] ® M = M[[r]] and a product ^'i • which is an element of 
HD(M,^/;iV^2). 

Our next aim is to show that for a regular ring R over a perfect field K every i?-module 
that admits a higher connection is projective (or - in geometric terms - locally free). So we get 
the analogue of the well-known fact in characteristic zero that a coherent sheaf equipped with a 
holomorphic connection must be locally free, resp. the analogue of the corresponding fact in the 
not necessarily commutative situation given by Y. Andre in |And01j . Cor. 2.5.2.2. 

We first need the following lemma: 

Lemma 4.3. Let (i?,m) he a regular local ring of dimension m, let ti,...,tm generate m and 
assume that R is a localisation of a finitely generated K-algehra and that R/m is a finite separable 
extension of K . Let 4>t- G HDx(-R) (j = 1,. . . ,m) denote the higher derivations with respect to tj 
(cf. ExamplelEE and Thm. [STW c)). 

Then for every r £ R \ {0} there exist ki, . . . ,km G N such that 

(1) M!™^ o . . . o 0(f^)) (r) G i^^ 



(2) for all li, . . . ,lm £ ^ with Ij < kj (j = 1, . . . ,m) and li < ki for some i £ {1, . . . , m}, 



o 



oCM(r)0ii> 



Proof. Let r £ R \ {0}. Choose E £ N such that r £ and r m'^"'"^. Then r can (uniquely) be 
written as 

e=(ei,...,e„)eN'" 
|e|=i? 

where Ue £ R and Uf £ R^ for at least one / = (/i, . . . , fm)- 

(We use the usual notation of multiindices: |e| = ei + • • • + e.^ and = t^^ ■ ■ ■ t^.) For arbitrary 
1 = {h,...,lrn) and e E N'" we have: 



(e'o...o<.))(n = (;' 



if > Ci for some i, 

1 if Ij = Cj for f 
£ m if \l\ < lei 



So if we choose kj = fj (j = 1 , . . . , m) , we get 



- - - <^(f^)) (r) = Y: ('Alt^ o . . . o </>(f^)) («,t-) 
\e\=E 



J. o 



E E (^^"''"^-••°^J^"0(-e)(<:)o...oc^(;^))(t^ 

|e|=_B 0<lj<kj 
j=l,...,m 

Uf ■ 1 mod m. 



So [4 
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^'''"^ o . . . o (r) £ Uf + m C R"" , and for all I £ N™ with Ij < kj {j = l,...,m) and 

k < ki for some i, we have (^(pfj^^ o • • • o (pf^^^ (r) £ xn = R \ , since \l\ < E. □ 

Theorem 4.4. Let (R, m) be a regular local ring as in Lemma \4.3\ and let M he a finitely generated 
R-module with a higher connection V S HD(M, d). Then M is a free R-module. 

Proof. Let {xi, . . . , Xn} be a minimal set of generators of M. Assume that xi, . . . ,Xn are linearly 
dependent. Then there exists a nontrivial relation Y17=i ^i^i ~ with G R. Choose E £ N such 
that rj £ for all j = 1, . . . n and m^"''^ for at least one i. Without loss of generality, let 
ri m^+^. Then choose ki, . . . , k^ £ N for ri as given by the previous lemma. Then 

= ( vi'''"-' o • • • o V^'''^ 




i=l 0<lj<kj 
j=l,...,m 

n 



i=l 



Since ( (AS^T^ o • • • o (n) G i?^, we get xi G (x2, . . . , x„) + mM, so M = (x2,...,x„) + 



mM and therefore by Nakayama's lemma M = {x2, . . . ,Xn), in contradiction to the minimality of 
{xi, . . . , Xn}- So xi, . . . , is a basis for M and in particular M is a free ii-module. □ 

Corollary 4.5. Lei K be a perfect field and let R be a finitely generated K-algebra which is a 
regular ring. Then every finitely generated R-module M with higher connection V is a projective 
R-module. 

Proof. By the previous theorem, the localisations of M at every maximal ideal of R are free. Hence 
M is projective. □ 

5. Iterative Derivations and Iterative Connections 
Definition 5.1. A higher derivation (j) £ HD/^(i2) is called an iterative derivation, if 



The set of iterative derivations on R is denoted by ID k{R). 

Let M be an i2- module and G IDk{R)- A higher ^-derivation $ G HD(M, (j)) is called an iterative 
^-derivation, if 

V j G N : o = r ^ ^1 . 



The set of iterative (/>-derivations is denoted by ID(M, 0). 

Example 5.2. If R is the polynomial ring K[ti, . . . , tm] or a formally etale extension of that ring, 
the higher derivations (f)t with respect to tj (cf. Example 13. 3p are iterative derivations. (For 
K[ti, . . . ,tm] this is obvious and for extensions, it follows from Lemma l5.8i ) 



Remark 5.3. Note that there is no sense in defining an iterative derivation $ G IID(M, V') for 
a non- iterative higher derivation ip £ IIDx(-R). This is seen by using the characterisation of the 
iterative derivations in Lemma [5.41 and Lemma [5.71 For all a,b £ K^^'p, (a.$)(6.<I>) is an {a.'ilj)(b.'ip)- 
derivation, whereas (a + 6).<I> is an (a + 6).'i/'-derivation. 
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Lemma 5.4. (Characterisation of iterative derivations) 

Let ip € iiDx{R) be a higher derivation. Then the following conditions are equivalent: 

(i) ip ^-5 iterative, 

(ii) ip o df^ = i^llT]] o ip, (see Thm. \3.10\ for the definition of ip.) 

(iii) For all ae K: ^jo {a.d^) = {a.ipilT]]) o ^. 

If K is an infinite field, then this is also equivalent to 

(iv) For all a,b £ K: {a.tp){b.ip) = (a + b).ip, 

whereas for arbitrary K the conditions (i)-(iii) only imply condition (iv). 

Proof. For a £ K , r £ R and i G N we have: 



Vio(a.dj^)(d«r) =7/; [^a^Y'+^]d('+^V j =Y,a^('^.A^p'^'+^\r)r+^ 
\j=o V J / / j=o \ 3 J 



and 

oo 

(o.V'[[r]]) o^(d(*V) = a.i;[[T]] (?/;«(r)r) = ^ a^^^\i;^'\r))T+^ . 

j=0 

So by comparing the coefficients of T*"*"-^ one sees that condition (iii) is fulfilled if and only if 
tpo^a.d^) = {a.ip[[T]])oip holds for arbitrary a £ K\{0} (e.g. a = 1, i.e. condition (ii)). Moreover, 
this is fulfilled if and only if for all z, j G N we have ip^^^i o 'iIj(') = {y)^;^'^^^ i.e. tp is iterative. 
Furthermore, we get for all a,b G K: 

{{a.^P){b.^P))^''^ = (a.V')^^) o (6.V')(^') = a'ViP^'^ oiP^^\ 

i+j=k i+j=k 



since b £ K, and 



((a + 6).V')('=) = (a + 6)'=V^^) = ^ a'V ^.^^^^'+^1 



i+j=k 

So if tp is iterative, condition (iv) is fulfilled. If i^K = oo, we obtain from condition (iv) that ^p is 
iterative by comparing the coefficients of a*. □ 

If < oo, the following example shows that condition (iv) doesn't imply the others. 

Example 5.5. Condition (iv) is in fact weaker if K is finite. If for example K = ¥q and R = Fq[t], 
then ^p £ RBxiR) defined by '^(t) = t + l- T^"-! is not iterative, since 

{2q - l)V^(2g-i)(^) = 2g - 1 / = V^^^e-a) (^^(i)(t)) . 
On the other hand, for all a G Fg we have a^''"^ = a and so 

{{a.^P){b.^P)y''\t) = ^ aV'^(*)(^(^')(t)) = a^^^H*) + «''"^''"^^&^^"V^''~^'+^^(1) 

i+j=k 

t k = 

(k) 



a2g-l ^ 52q-l ^ ^ ^)2g~l k = 2q - 1 ^ = {{a + b) .i^f ' (t) 

otherwise 



for all a,b£ K = ¥q. 



ITERATIVE CONNECTIONS AND NONREDUCED GALOIS GROUPS 



13 



Remark 5.6. Condition (iv) is very useful for calculations - even if K is finite. If one has to show 
that some higher derivation tp £ HDx(-R) is iterative, one can often use the following trick: 
Let R := /C'^'^p (8) p,^ i? be the maximal separable extension of R by constants. Then by Proposition 
13.71 the higher derivation ^p uniquely extends to a higher derivation ■0e G HDA'(ii) = HD/<scp(i?). 
Since ^K^'^^ = oo, we can use condition (iv) to show that ■0e is iterative and therefore ip is iterative. 
Whenever it will be shown that for all a,b £ K^^^, {a.ip)(b.ip) = (a + b).ip, this trick will be used, 
although we won't mention it explicitly. 

Lemma 5.7. Let (j) £ ID^iR) be an iterative derivation and ^ G HD(M, 0) be a (j)- derivation. 
Then ^ is iterative if and only if for all a,b G K^^^ the identity {a.^){b.'^) = (a + holds. 

Proof. Analogous to the proof of Lemma 15.41 □ 

The next lemma states some structural properties of IDxiR)- 

Lemma 5.8. i) If two iterative derivations 4'i,4'2 £ ^^k{R) commute, i. e. they satisfy cjif' o 

<j)2 = (P2 ° '1^1 ^'-^ ^ ^^6^ 4'i4'2 is again an iterative derivation. 

ii) IDxiR) is stable under the action of K . 

iii) If R D R is a ring extension such that every higher derivation on R uniquely extends to a 
higher derivation on R (e. g. if R is formally etale over R), then the extension (pe £ HDxiR) 
of an iterative derivation cj) £ IDk{R) is again iterative. 

Proof. A short calculation shows that all occurring higher derivations satisfy condition (iv) of 
Lemma 15.41 hence are iterative. □ 

We have already seen that d^ satisfies the condition d^'' od^'' = (*'[^"')d^"'^''^ and that for iterative 

derivations (f) £ IDk{R) we have the "same" condition (p^''^ o cp^i) = {^~^.^^cp^'^'^^\ This motivates the 
following definition of an iterative connection. 

Definition 5.9. A higher connection V on M is called an iterative connection if the identity 

holds for all i,j £ N. (As defined in Section [2] for the general case, ^V^*^ denotes the part of 
that "increases degrees by i".) 

An iterative connection V on M is called an integrable iterative connection if for all higher 
derivations ipi,'ip2 £ HDx(-R) we have V^^^j = V^^V^g- 

The notion of an integrable iterative connection is motivated by the correspondence to the 
integrable (ordinary) connections in characteristic zero (cf. Section [7]). 

Theorem 5.10. Let V be a higher connection on M . Then: 

i) V is iterative if and only if for all a,b £ K^^^ : a.^ o 6.^V = (a + b).^ and if and only if 
for all a,b£ ivT^^P; a.^V o b.V = {a + b).V. 

ii) //V is iterative, then for all iterative derivations (p £ IDk{R) the (p-derivation V,^ is again 
iterative. If R has enough iterative derivations, i. e. if for every nonzero uj £ ^rjk there 
exists an iterative derivation tp £ IDi^(i?) such that (p{uj) 7^ 0, then the converse is also true 
(where (p : ^r/k ~^ ^[[^]] is the unique homomorphism of cgas satisfying (p = (p o d, cf. 
Thm. [3AU) . 

Proof. The first statement is seen by a calculation similar to the one in Lemma 15.41 For proving 
the second part, let (p S ID/<(i?) and consider the following diagram: 
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M 



b.V 



/i®idj\/ 



((a.</.)[[T]]o^)®a.V^ 



R[[T]] (g) 



_a.(ji)[[r]](gia.V< 




^[[T]] (^a4{R) mn 



(X)(p®idM 



</)(g)idj( 



^[m] ®a.0(H) M[[r]] : ii[[r]] ® M 



(«-V^)[[T]] 

The square on the left commutes, since 



The lower triangle commutes by Lemma 15. 4^ since (j) is iterative. The upper triangle commutes, 
since a.V^ = (8) id^/) o (o-V), and the square on the right commutes, since 4> is a homomorphism 
of algebras. Furthermore the top of the diagram commutes by definition of o-qV and the bottom 
commutes, since a.V^j, is a (a.(^)-derivation. 
So the whole diagram commutes and we obtain 

{4>^idM) o (a.^V) o (6.V) = (a.V^)[[r]] o (6.V^) = (a.V^)(6.V^) 

for all iterative derivations (j) £ ID/^(i?). 
If V is iterative, we get 

(a + 6).V0 = {4>(g) idA/) o (a + b).V = {4>(g) idu) o (a.^V) o (6.V) = (a.V^)(5.V^) 

by the first part of this theorem and so by Lemma 15.71 V,^ is iterative. 

In turn, from the commuting diagram we see that if V,^ is iterative for an iterative derivation 
(f) e ID k{R), we get 

{4> (g) idA/) o (a-n^) ° (^-V) = {(fxg idA/) o (a + b).\7 

for this (p. So if R has enough iterative derivations and is iterative for all (j) € ID xiR) we obtain 
(a.^V) o (6.V) = (a + 6).V, i. e. V is iterative. □ 



6. The Tannakian Category of Modules with Iterative Connection 

In this section we show - assuming a slight restriction on the ring R - that the finitely generated 
projective modules (i.e. locally free of finite rank) with higher connection form an abelian category 
and that the modules with iterative resp. integrable iterative connection form full subcategories. 
Furthermore all these categories form tensor categories over K (in the sense of |Del90] ) ; in fact they 
even form Tannakian categories. 

Notation From now on let R be a regular ring over K which is the localisation of a finitely 
generated K-algebra, such that K is algebraically closed in R. Also keep in mind that we assumed 
R to be an integral domain and K to be a perfect field. 

Furthermore, in the following a pair {M, V) always denotes a finitely generated R-module M together 
with a higher connection V : M — >■ Q.®rM , even if 'finitely generated" is not mentioned. We recall 
the fact given in Corollary namely that such a module is always projective. 

Definition 6.1. Let (Mi,Vi) and (M2, V2) be i?-modules with higher connection. Then we call 
/ G Hom/j(Mi, M2) a morphism of modules with higher connection, or a morphism for short, 
if the diagram 
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Ml ^ M2 

Q ®R Ml ^ VL ®r M2 

commutes. The set of ah morphisms / S Hom/j(Mi, M2) will be denoted by Mor((Mi, Vi), (M2, V2)) • 
If the higher connections are clear from the context we will sometimes omit them. 

Remark 6.2. It is clear that the set of modules with higher connection together with the sets 
of morphisms defined above forms a category. This category will be denoted by HCon(i?/i^). 
Furthermore the full subcategories of modules with iterative connection resp. integrable iterative 
connection will be denoted by ICon{R/ K) resp. IConint(-R/-fir) and by definition we have a chain 
of inclusions 

HCon{R/K) D ICon{R/K) D ICouintiR/ K). 

As the objects of HCon(i?/i^) are modules with an extra structure and the morphisms are special 
homomorphisms, we have a forgetful functor u: : TiCon{R/K) — > Mod(i?), which is faithful. 

Definition 6.3. Let (Mi, Vi) and (M2, V2) be i?-modules with higher connection. Then we define 
a higher connection V® on (Mi © M2) by 

V® : Ml © M2 ^'®^') 17©Mi©17©M2^0© (Ml © M2) 
and a higher connection on Mi ©r M2 by 

V^:Mi(S)rM2 {n0RMi)0a(R){^^RM2) ^ 

^ {n 0a(R) ^) (^R {Ml ©k M2) n 0R {Ml (^R M2). 

Furthermore we define a higher connection V// on Hom/j(Mi,M2) by the following: 
For / G Hom/j(Mi,M2) the composition 

1 © Ml 17 ©ij Ml > q^rMi ~ — > n ^R M2 " — > ©i? M2 

is an element of Hom/j(Mi, 0, ©^ M2), and we have a natural isomorphism IIom/j(Mi, Cl ©/j M2) = 
©^ Hom/j(Mi, M2). In this sense we define 

V//(/) := {^2 o (idj^ ® /) o {n^iy^ |i®M- 

Remark 6.4. (i) If Vi is an iterative connection, the definition of Vh coincides with the 
definition given in |Ros07j . because then we have (qVi)~^|i®Mi = — f^Vili^Mi = — Vi. 
(ii) As the referee pointed out, in the definition of the tensor product it might be possible to 
replace the twisting isomorphism (r2©RMi)©^(j:j) (A©ijM2) = (A©^(^-) i7)©R(Mi©RM2) by 
a more general isomorphism in order to obtain a non-commutative theory. This might lead 
to an iterative variant of Y. Andre's framework for the theory of differential and difference 
equations (cf. [AndOl] ) and also to a more abstract framework for the iterative g-difference 
theory of C. Hardouin (cf. [Hard08| ) . 

Theorem 6.5. The category TiCon{R/K) is an abelian category and the categories ICon{R/K) 
and IConint(-R/-f^) are abelian subcategories. 

Proof. For all (Mi, Vi), (M2, V2) G 'H.Con{R/K) the set of morphisms Mor(Mi, M2) is a subgroup 
of IIomij,(Mi, M2) and so it is an abelian group. Since Mod(ii) is an abelian category, it is sufficient 
to show that kernels, direct sums and so on in the category Mod(i?) can be equipped with a higher 
connection resp. (integrable) iterative connection and that all necessary homomorphisms (like the 
inclusion map of the kernel into the module) are morphisms. 
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The only point at which one has to be careful is the kernel: For a morphism / G Mor(Mi, M2), the 
higher connection Vi induces a map Vi|Ker(/) • Ker(/) Ker(id^ /) and one has to verify that 
Ker(idj^ ® /) = (^<^ Ker(/). But this follows from the fact that is a projective i?-module for all 
k £ N and hence (g) — is an exact functor. (See |Ros07j . Ch.4.1, for details.) □ 

Now we will show that these categories are tensor categories over K (we will use the definition 
of a tensor category over K given in [DelQOj ). By the previous theorem, they are all abelian, and 
by Corollary 14.51 all modules that arise are projective and the category Proj-Mod(i?) of finitely 
generated projective i?-modules is known to satisfy all properties of a tensor category apart from 
being an abelian category. 

So we define 

— the tensor product of (Mi,Vi) and (M2, V2) by 

(Mi,Vi)8)(M2,V2) := (Mi®kM2,V^) 

(this tensor product is obviously associative and commutative), 

— the unital object 1 := (i?, d^j) {R (Sir M — > M, r®m\-^ rm is easily seen to be a morphism 
for all (M, V) G YLCoii{R/ K)), 

— the dual object to (M, V) by 

(M,V)* := (M*,V*), 

where V*(/) := d^^ o (id^^ ® /) o {^-^)\i<^m G Hom/j(M, f2) for f e M* = RomR{M, R) 
(here we used that n^RR = n and Homif,(M, Q) = Hom/j(M, R) (g) J7. Cf. the definition 
of Vh in Definition 16. 3j) . 

— the internal hom object of (Mi,Vi) and (M2, V2) by 

Hom((Mi,Vi),(M2,V2)) := (Homi?(Mi, M2), V//) . 

Furthermore we recognize that every endomorphism in End(l) is given by the image oi 1 € R, 
which has to be constant. Since all constants are algebraic over K and K is algebraically closed in 
R, End(l) is isomorphic to K. 

Lemma 6.6. For all (Mi, Vi), (M2, V2) G HCon(i?/i^) the isomorphism of R-modules 

LMuM^ ■■ Ml ®R M2 HomK(Mi, M2), f0m^{v^ f{v) ■ m} 
is a morphism (and therefore an isomorphism) in ilCon{R/K). 
Proof. For all / (8) m G (Sr M2 and for all v G Afi, we have 

V//(''Mi,M2(/ ® m)){v) = (^^2 o (id (/®m)) o(^Vfi))(l»i;) 

= ^V2((idj=2 0/)(j^VrHl0?^))-(l0m)) 
= d^((id^®/)(^Vr^(l0t;))-V2(m) 

and 

(idj^ IS tMuM2)C^<»if ^ = (id^ (8) '-Mi,M2)((dj^ ° (idj^ <^ f) ° (qV^^^Ii^m)) V2(m)^(w) 

= (d^ o {id^ /) o (^Vr')) (l^v)- V2(m). 
So Vh ° i'Mi,M2 = (id^ <8 iMi,J\/2) ° V(g,, i. e. iMi,M2 is a morphism. □ 

Lemma 6.7. Let (M, V) G HConiR/K), and let em ■ M ® M* ^ R and 5m ■ R ^ M* ® M be 

the evaluation and coevaluation homomorphisms given in the definition of a tensor category, i. e., 
£M{m® f) = /("^) and (5m(1) = ''Af ^/(^dM)- Then em o,nd 5m o,re morphisms in 11Con{R/K). 
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Proof. For m® f & M ® M* , we have 

(idfj(8)£M)(V®("^«)/)) 
= (idj^ ® eM)({li ® id) o (V(m) ® {d^ o {id^ ® /) o ^V~^\i^m)) 

= (M®id)((id^® (d^o(idj=2®/)o^V-^|i^M))(V(m))) 
= ((Ai ® id) o {d^ ® dj^) o (idj^^^ ® /) o (dri ® j^V-^|i^m) o v) (m) 
= (do ° (idf^ <^ /) ° (nV-^) o v) (m) 
= (dj^ o (idj^ /)) (1 m) 
= dR(/(m)) = dR(£M("T. (8) /)) 
So eM is a morphism. 

Since iM,M is an isomorphism in ilCon{R/K), 5m is a morphism if and only if iM,M ° is a 
morphism. Now 

Vjf((iM,M o 5m)(1)) = VH(idM) = (idfj ® idM) o ^~^\i<s,m = ci^ ° ci^~^\i(S)M = 1 <8 idM 
and 

(idj^ (g) {iM,M o 6M)){dR{l)) = (idj=2 (g) (<.m,m o (^m))(1 (g 1) = 1 ® idM, 
so 6m is a morphism. □ 

Theorem 6.8. liCon{R/K), ICon{R/K) and lConiat{R/K) are tensor categories over K. 

Proof. Since we have already shown that these categories are abelian, that HCon(i?/ii') is equipped 
with an associative and commutative tensor product, and that £m and 5m are morphisms, we 
already know that HCon(i?/i^) is a tensor category. Hence, it only remains to show that the two 
subcategories are closed under tensor products and duals. 

It is checked immediately that for (Mi, Vi), (M2, V2) € ICon(i?/i^) the higher connection V(g, 
on Ml (g) M2 satisfies (ci-qV®) o (6.V(gi) = (a + 6).V(g, for all a, 6 G K^^^ . One also checks easily that 
the higher connection V* on M* satisfies (a-qVi ) o (6.V1 ) = (a + h).^l for ah a, 6 G K^'^p, if Vi is 
iterative. Hence lCon.{R/ K) is a tensor category. 

Assuming that (Mi, Vi), (M2, V2) € IConint(^/-^), the integrability conditions for and Vi 
are obtained by a short calculation using the following lemma. □ 

Lemma 6.9. Let (Mi, Vi), (M2, V2) G HCon(i?/i^) and let ip G RDxiR). Then we have: 

i) (Vjs)^ = (/i (X) id) o ((Vi)^ (V2)^), 

ii) For all f G HomR(Mi, M2); 

ii^Hh) if) = (V2)^ [[T]] o (id«[[r]] ® /) o ((Vi)^ mi) ~' li^M. 

Proof. We have, 

(V®)v; = (^0 id) o{fi(g) id) o (Vi (g) V2) 

= (^0 id) o [{^ (g) idMi) ® (V' ® idMa)) ° (Vi V2) 
= (/uigid) o ((Vi)^ (g) (V2)v,), 
which shows the first part. For the proof of the second part, consider the following diagram: 
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n Ml ^ — s n^RMi ^ n M2 ^ — ^ 5^ (^r M2 



1 (g) Ml V®idM2 

R[[T]] In Mi'^^'nm ^R Ml mn M^'^'mn 



^rM2 



It is sufficient to sliow that botli maps from tlie upper left corner of tlie diagram to tlie lower right 
corner are equal. Both parts of the diagram (starting at 1 (8) M in the middle) commute by definition 
of (Vi)^ resp. (V2)^. Furthermore, Cl Mi is generated as an Q-module by elements in 1 Mi 
and since qVi is an isomorphism, Mi is also generated as an Q-module by elements of the form 
j^Vi(l (8> m) for ni E Mi. The equality of the maps then follows from the O-linearity of the upper 
row and the i2[[r]] -linearity of the lower row. □ 

Theorem 6.10. The categories aCon(R/K), ICon{R/ K) and IConint(-R/i^) are Tannakian 
categories with the forgetful functor uj : iiCon(R/ K) Mod(i?) (restricted to the respective 
category) as fibre functor. If moreover R has a K -rational point, i. e., there exists a maximal ideal 
xn < R with K = R/m, then these categories are neutral Tannakian categories with fibre functor 

UK ■■ UCon{R/K) ^ Mod{R) Yect{K). 

Proof. By construction, the functor u is a fibre functor and so the tensor categories HCon(i2/i^), 
ICon{R/K) and lConini{R/K) are Tannakian categories. If R has a X-rational point, by 
|Del90| .2.8. uk is a fibre functor. This proves the second part. □ 

By Tannakian duality, every neutral Tannakian category T over K with fibre functor uk is 
equivalent to the category of finite dimensional representations of a group scheme defined over K, 
called the Tannaka group scheme (or fundamental group scheme) II{T,u:k) of T. Furthermore, this 
group scheme is the projective limit of all quotients Gy '■= n(^ F »), cj/^|^v>), where V ranges 
over all objects of T and <^V^ denotes the smallest Tannakian subcategory of T that contains V. 

Using the Picard-Vessiot theory in the second part of this paper, we obtain the following propo- 
sition: 

Proposition 6.11. Let R have a K -rational point and let K be algebraically closed. Then the Tan- 
naka group schemes n(ICon(i?/if), o;/^) and Ii{l.CoT[v-^n^{R / K) , u k) are reduced group schemes. 

Proof. If char(i^) = 0, then by general theory all group schemes are reduced, and nothing has to 
be shown. So assume char(i^) = p > 0. 

Using the equivalence of categories given in Thm. 18.71 and the identification in Rem. 18.31 
we obtain from |San07] . 2.3.1 that the Tannaka group scheme associated to IConint(-R/-ft^) is 
reduced, even a perfect group scheme. (The reducedness also follows from the reducedness of 
n(ICon(i?/K),LJx), since I\.{l.CoYV\nt{R / K) , u k) is a quotient.) 

Since n(ICon(i?/i^), o^x) is the projective limit of all ^(Af^v) •= n(<C (M, V) o^/^ V)^), 
it suffices to show that all G(^My) are reduced. Let F be the quotient field of R and E/F be a 
PPV-extension for F®rM as defined in Section [TOl which exists since K is algebraically closed (cf. 
Remark Il0.6p . Then G{^m,v) is isomorphic to the Galois group scheme Gsl{E/F) (cf. Rem. 110. 13p . 

By Prop. EH we have Ker(di,^^) = F^, and hence by Cor. [TT771 G^{E/F) ^ G(m,v) is reduced. □ 

Remark 6.12. One might ask whether the inclusions in the chain of categories 
HCon(i?/K) D lCoxi{R/K) D IConint(-R/i^) are strict. 
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Clearly, HCon(i?/i^) 7^ ICon{R/K), because if for example M is a free i?-module of dimen- 
sion 1 with basis bi £ M, every uj = Yl'jLo £ ^r/k with ujq = 1 defines a higher connection 

V : M — > (Ir/k 'Sir M, bi 1— > a; Cg) 61, but in general this higher connection is not iterative, because 
if V is iterative, uj satisfies the condition 

= (-^V o V)(') (61) = (2u;2 - ^? + d^'^K)) 61. 

(The only exception is the case when R is algebraic over K, because in this case ^rjk = R and 
hence all categories above are equivalent to Mod(i?)). 

The inclusion \Coyv{R/ K) D IConint(-R/i^) is also strict in general, because in the next section 
we will see that in characteristic zero, the category ICon(i?/i^) is equivalent to the category of 
modules with (ordinary) connection over R and IConint(-R/-ft^) is equivalent to the category of 
modules with integrable connection over i2, and it is known that those two categories are different if 
for example R = K{ti,t2)- However, it is also known that every (ordinary) connection is integrable 
if char(i(') = and R is an algebraic function field in one variable over K. In Section [HI we will see 
that also lCon{R/ K) = IConint(-R/-?^), if R is an algebraic function field in one variable over K 
and char(i^) = p. 

7. Characteristic Zero 

For char(X) = 0, in general one gets the usual constructions of derivations, differentials and 
connections by restricting to the terms of degree 1. On the other hand these constructions can be 
uniquely extended to iterative derivations and iterative connections. Moreover integrable connec- 
tions, i. e. connections which preserve commutators of derivations, correspond to integrable iterative 
connections. This will be proven in this section. 

So throughout this section, X is a field of characteristic zero and R is an integral domain which is a 
regular ring and the localisation of a finitely generated ET-algebra. Furthermore we assume that R 
has a maximal ideal m^R, such that R/m is a finite extension oi K. M denotes a finitely generated 
ii-module. 

Proposition 7.1. 

i) The map 

BeT{R/K) — > lDKiR),d^ cpa, 

given by 

00 ^ 

Mr) :=^-9"(r)r" 

n=0 

for all r €z R, is a bijection and the inverse map is given by (j) ^ cj)^^^ . 

For a given derivation d on R and the corresponding iterative derivation (f)g the map 
I : BevR{M) ^ ID(M, c^q), Om ^ 9iven by 

00 

n=0 

for all m € M, is a bijection and the inverse map is given by ^ 

ii) The R-module (^r/k)! canonically isomorphic to the module of (ordinary) differentials 
^R/K '^''^d d^^^ : R {^r/k)i — ^r/k ihe universal derivation. 

iii) For every iterative connection V on M , the map V^^-* : M — > {^rik)i (S M = ^^r/k ® M 
is a connection on M and every connection V^"*^-* on M uniquely extends to an iterative 
connection on M. Furthermore, V is an integrable iterative connection if and only if\7^^^ 
is an integrable connection. 
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Proof, i) Let d £ Bev{R/K) be a derivation. Then for all i,j E N: ifd' o ijd^ = 

So is an iterative derivation. On the other hand, for every iterative derivation (p, one obtains 

(^(^) = ^{(p^^^)'' for all A; G N by applying the formula 0*^*^ = j(l>^^^ o </)(*~^) inductively. Finally by 

Remark 13. 21 for all r, s G R we have (p^^^rs) = r(f)^^\s) + (j)^^^{r)s, i.e. c/)*^^) G Deic{R/K). 

The bijection I : Der^(M) ID(M, i;^)^) is shown analogously. 

ii) The construction of {^r/k)i given in the proof of Theorem 13.101 is the same as the usual con- 
struction of Qr/k (e.g. in |Hart77j . Ch. II.8). 

iii) The bijection of the iterative connections and the ordinary connections is shown analogous to the 
first part. So we only prove the equivalence of the integrability conditions. Let 81,82 G Der{R/ K) 
be derivations, let (f>i := (pg- {i = 1,2) be the corresponding iterative derivations, and let V be an 
iterative connection on M. By an explicit calculation one gets 

((/)i(/.2(/)rV^^)^^^ =0 and {cpi<p2'Pi^'p2^f'^^ =di°d2 -82081 = [81,82]. 
From this and the iterativity condition of V, one computes that 

010201 <t>2 \ / [91,92] 

(The last expression means that we apply the ordinary connection V^^^ to the derivation [9i,92].) 
On the other hand, by quite the same calculation as before one obtains 



V,, V- V- = V- o V- - V- o V- 



v«)^^,(v(^)) 



92 



So if V is an integrable iterative connection, then V^^^ ^-i^-i ~ (f^i^ (i>2^'6^^~6] hence 

is an integrable connection. 
For the converse, consider the complete local ring R^. We first note that for an arbitrary R-cga 
B, every higher derivation -0 G HD/^(i?, S) can be extended canonically to a higher derivation 
ipe S IS^xiRm^Rm ® B) in the following way: Every homogeneous component ip^^'> {k G N) can 
uniquely be extended to the localisation Rm (see Prop. 13. 7|) . This extension is continuous with 
respect to the m-adic topology, since for all i € N, ■ip^''\m'^) C m'^~^{R-m <^ -Bfc). So ■0^^'' can be 

(k) 

uniquely extended to a map ^pe ■ Rm Rm Bk, which is continuous with respect to the m-adic 
topology. One easily verifies that indeed ip)e '■= X^fcLo V'e'^'' ■ Rm Rm <8> -B is a higher derivation. 
Since the extension is canonical, we obtain the identities (id^ ® ip) o dn^e = "^e {'^R,e denotes the 
extension of the universal derivation dn) and {ipiip2)e = V'i,e'02,e for all ipi,ip2 £ HDi^(i?). 
Now let V be an iterative connection such that V^^^ is an integrable connection. By [ KatTOj . 
Prop. 8.9, the i?m-module Rm ®r M is a trivial differential module, i.e., there is an i?m-basis 
6 = (61, . . . , 5„) of ®R M such that V^'^\b) = 0, where V^^^ is extended to (^r M in the 
same manner as the higher derivations. Since V is iterative, this implies V^^\h) = for all > 0. 
Hence for all ipi,ip2 G HT)k{R) and all vectors y G R^, s.t. YlUi^i ^ ^1 have: 



^^i^2C^yibi) = (0lV'2®id) {^dR^e{yi)y{k)^ = (0lV'2®id) {^dR^eiVi) ■ = ^(V'iV'2)e(yi)-^i 



and 



^V'i^V'2 (^yi^i) = X]^l''=[[^]K^2,e(yi)) • bi = ^('0102)e(yi) • h- 

Hence V^^^j = V^^V^^, i.e., V is an integrable iterative connection. □ 



As a consequence of the previous proposition, we obtain 
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Theorem 7.2. Under the assumptions given above, the category ICon{R/K) (resp. \Cor\\n^{R/ K)) 

of finitely generated R-modules with iterative connection (resp. integrahle iterative connection) and 
the category of finitely generated R-modules with connection (resp. integrahle connection) are equiv- 
alent. 

We end this section with a comparison of integrahle iterative connections and stratifications (cf. 
|B078| . Def. 2.10): From the previous theorem and the fact that for a smooth ring in characteristic 
zero a stratification is equivalent to an integrahle connection (cf. [BQ78j . Thm 2.15 for a sketch of 
the proof), we deduce the following corollary. In the next section, we will see that the corollary also 
holds if the characteristic of K is not zero (cf. Cor. 18. 8p . 

Corollary 7.3. Let R he smooth over K, then the category IConint(^/-f^) is equivalent to the 
category of stratified modules over R. 

8. Positive Characteristic 

In this section, we consider the case that K has positive characteristic p. Contrary to character- 
istic zero, iterative derivations and iterative connections are not longer determined by the term of 
degree 1. Moreover, not every derivation d G T)er{R/K) can be extended to an iterative derivation 
(/> with 0(1) = d, because the conditions on an iterative derivation imply [(/)^^^)p = p\ ■ cj)^^ = 0, i. e., 
at least d has to be nilpotent. 

But there are some other structural properties: The main result is that every module with 
integrahle iterative connection gives rise to a projective system and vice versa, similar to the cor- 
respondence of projective systems and iterative differential modules over function fields given in 
[MatOlj . Ch. 2.2. In fact, when R is an algebraic function field in one variable, the projective sys- 
tems defined here are equal to those defined by Matzat and van der Put, which shows that in this 
case the categories ICon(i?/i^), IConint(-R/A'), Projjij and ID^j are equivalent. (Here Proj^ 
denotes the category of projective systems over R and TDr denotes the category of ID-modules as 
given in [MatOlj ). 

So in this section, let X be a perfect field of characteristic p > and let R be an integral 
domain which is a regular ring and the localisation of a finitely generated if-algebra. Furthermore 
let ti, . . . , denote a separable transcendence basis for i?, i. e. Quot(i?) is a separable algebraic 
extension of the rational function field K{ti, . . . , im)Il 

R has a natural sequence of iC-subrings {Ri)i£-m given by Ri := Rp\ The following proposition 
gives a characterisation of this sequence by the higher differential: 

Proposition 8.1. (Probenius Compatibility) For all / G N; 

i?/= fl Ker(dg)). 

0<j<p' 

Proof. Since dji is a homomorphism of algebras, dij(ii/) = dji{RP') C {^r/kY' and therefore 
d^^(r) = (0 < j < p') for all r G Ri. The other inclusion is shown inductively: The case / = 
is trivial. Now let r E i? satisfy d^^(r) = for < j < pK By induction hypothesis r G Ri-i- 
So there exists s G R with s^' ^ = r. If s R^, then s is a separating element of R and we can 
find separating variables s = si, S2, . . . , Sm for R, i. e. Quot(i2)/i^'(si, . . . , Sm) is a finite separable 
extension. By applying Prop. 13.121 and Theorem 13.13( b) . we see that d^^\s) / 0. And so 



'This includes the case m — 0, ahhough in this case everything becomes triviaL 
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which is a contradiction. So s £ and r £ Ri. □ 

In the case of R being an algebraic function field in one variable, it was shown by F. K. Schmidt 
(see |HS37] . Thm. 10 and 15) that for an iterative derivation G IDk{R) satisfying 0^^) ^ 0, we 
have Rp' = no<i<p' Ker(i;^(-'^). So in this case we obtain the same sequence of subfields, when "only" 
looking at an iterative derivation instead of the universal derivation. 

Definition 8.2. A Probenius compatible projective system over R (or an Fc-projective 
system over R for short) is a sequence {Mi,(pi)i^fq with the following properties: 

i) For all / G N, Mi is a finitely generated -R;-module. 

ii) (fi : Mi^i ^ Ml is a monomorphism of -R/+i-modules that extends to an isomorphism 
idR^ 0ipr-Ri <^R,+i Mi+i Ml. 

A morphism a : {Mi, ipi) — > (M/, ip'^) of Fc-projective systems over i? is a sequence a = {ai)i^fq 
of homomorphisms of modules ai : Mi M[ satisfying ip\ o ai^i = ai o ipi. 

Remark 8.3. An Fc-projective system {Mi, ipi)i^^ over R is nothing else than a flat bundle on 
Spec(i?) (cf. |Gie75] . Def. 1.1) resp. an F-divided sheaf on Spec(i?) (cf. [SanOTj . Def. 4), if one 
identifies Ri = R^ with R via the Frobenius homomorphism F; : R ^ Ri,x . Then all Mi 

can be regarded as i?-modules and the maps id/j, ® (pi : Ri ®Ri^-^ -/Vf;+i Mi become i2-linear 
isomorphisms ai : F^(M;_|_i) — > Mi from the Frobenius pullback of M^+i to Mi, i. e. {Mi, cr;);^^ is a 
fiat bundle on Spec(i?). 

Proposition 8.4. Every Fc-projective system {Mi,(pi)i(zfq over R defines an integrable iterative 
connection V on M := Mq satisfying 

fl Ker(V(^)) = ((^oo---o</'«-i)(MO. 

o<i<p' 

For a morphism {ai)i^^ : {Mi,ipi) (M/,99^) of Fc-projective systems over R, the homomorphism 
ao : M = Mq M' = Mq then is a morphism of modules with higher connection. 

Proof. The proof is similar to the construction of a stratification related to a flat bundle in the 
proof of |Gie75j . Thm. 1.3. 

In order to deflne V*-'^^ , choose / G N such that > k and let xi ■ R ®Ri Mi ^ M be the 
composition of the isomorphisms id^j, ■ R'^r^^^ Mj^i R'^r^ Mj {0 < j < I). Then we deflne 
V'-'^) to be the composition: 

~i (fc) 

VW :M^R Ml {^R/k)^ ^Ri Mi [^r/k) ^(^R M. 

This is well deflned, because d^'' is i?;-linear, and is also independent of the chosen I. The definition 
also shows that the necessary conditions for V being an integrable iterative connection are fulfilled 
modulo degrees > p', since dji is an integrable iterative connection. As / can be chosen arbitrarily 
large, V fulfllls all conditions for being an integrable iterative connection. 

It remains to show that no<j<p' Ker(V^-'^) = {(fo o ■ ■ ■ o ipi^i) {Mi). Since we have just con- 
structed an iterative connection on M, by Corollarv 14.51 M is projective and by the same argument, 
all Ml are projective. Hence Ker(d^^ ^ idAfJ = Ker(d^^) (E>_R; Mi for all j < and so 

fl Ker(v(^')) = xi{Ri ®R, Mi) = {ipo o ■ ■ ■ o pi_,) {Mi). 

0<j<p' 
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Finally, let (ai)ieN • {^W-Pi) ~^ {■^i^'-P'i) ^ morphism of Fc-projective systems over R. We 
have to show that V' o cto = (idj^ oq) oV, or equivalent ly, that for all A; G N 

But the last condition is easily seen to hold by choosing / G N such that > k and by using the 
definition of the iterative connections above. □ 

In what follows, we will show that the converse is also true, i. e. that a module with integrable 
iterative connection gives rise to an Fc-projective system over R. For this, we consider the quotient 
field F := Quot(i?) of R and a monomial ordering on Clp/j^ = F[[d^^hj]], namely the lexicographical 
order, where the variables are ordered by S^'^Hj-^ > d^'''^hj2 if ii > 12 or if ii = 12 and ji > j2- The 
leading term of w G ^f/k (if it exists) is then denoted by LT{uj). 

Lemma 8.5. Let co G ^f/k be homogeneous of degree and lo Ftl^p^^. Let d^'^Hj^ be the 
highest variable with the property that there exist eg E N, p ] eo a,nd a monomial lo' G ^f/k such 
that (d(*o)tj„)^o uj' is a monomial term of lo. Let eg and ui' be chosen such that (S-^^Hj^Y^uj' is 
maximal among those monomials. Then for every k < p\p — 1), we have: 

with equality if and only if k = p\p — 1) and <p^ ■ 

Proof. For i G N, j G {1, . . . , m}, e G N+ and A; G N, we have 

I — I Li- — ^ V / \ / 



fciH \-ke=k 



So 



1ST [df {{d^%r)) = e.(^ + ')d('+^)t,(d(%r- ife(^ + ')/OGF, 

d^^^ {(S^tjf^ =0 ifpleandpffe and 

d^^^ {{d^^tjf^ = (^^P if p I e and p I fc. 

So for k < p^{p — 1), a variable d^^Hj ^ d(*°)tjg occurring in u gives a contribution to d^^{uj) of 
variables 

(i) less than d^'o+^Hj^ if it occurs in a power not divided by p and 

(ii) less than d^^^p\j otherwise. 

In the second case, i < since lo is of degree p^, and so i + ^ < p^~^ + p^~^{p — 1) = p'. So 

d^^^ihj < d(*o+P')tjo. Therefore the highest variable that may occur is d^^^'-^^hj^ (or d^'o+P')*^,, if 

k < p^) and d^'^+P'^-^^hj^ occurs if and only if A; = p\p-l) and 7^ G Fp, i.e. zq ^ p'. 

The highest corresponding monomial then is 

eod(^«+P'(P-i))tjo • (d(^«)tjj^»-iu;'. □ 

Proposition 8.6. Every R-module M with integrable iterative connection V defines an Fc-projective 
system {Mi,(fi) over R, where Mi := P| Ker(V(-'^) and (pi : M;_|_i Mi is the inclusion map, 

and a morphism f : (M, V) {M', V') of m,odules with higher connection defines a morphism 
a : (Mi,ipi) (Mi,ifi) of Fc-projective systems over R by ai := /|m;- 
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Proof. Since V is an integrable iterative connection on M, V^^^ is an integrable connection on M (cf. 
proof of Prop. ETJiii) ), and is of p-curvature zero. Now let Mi := Ker (V^^^) ( = no<i<pi Ker(V(-^^), 
since V is iterative). Then by Cartier's Theorem on the p-curvature (cf. |Kat70] . Thm. 5.1), Mi is 
an iii-module and R 0/?^ Mi — > M is an isomorphism of i?-modules. 

Next, we will show that V(Mi) C {^r/kY '^Ri ^i- Since {^r/kY is isomorphic to Qr-^/j^ ^ 
algebra by the map (d^^^x)^ ^ d^^\xP), this means that essentially V|mi is an integrable iterative 

connection on the i?i-module Mi. It then follows inductively that Ri (S'Rj^i M/_|_i ^ Mi and that, 
essentially, V\mi+i is an integrable iterative connection on the i?;+i-module M;+i. 

Since Mi and ^r/k are locally free, and hence localisation is injective, it suffices to show the 
statement for the quotient field F := Quot(i?) of R. For simplicity, we again write M and Mi for 
what should he F ®rM and Fi ®r^ My. 

Since V is iterative, we only have to show that V*-^ •'(Mi) C {^f/kY Mi for all / > 1. So fix 
an Fi-basis h = (5i, . . . , 5„) of Mi (written as a row) and let Ai G Mat„(OpO with V(p')(b) = hAi^ 
Prom = ^^P'\V^^\h)) = ^^^\V^P'\b)) = bd^}\Ai) we conclude d^}\Ai) = 0. Assume there 
is an entry oj G O^iC F[d^^^tj \ i = 1, . . . ,p\j = 1,. . . ,m] of Ai with LT{ij) = rd^^'-'tj (for some 
r ^ F and j G {1, . . . ,?ti}). Since d^^^ (rd^^'Hj) = d^^\r)d^P^Hj + rd^'P'~^^Hj, and since for all other 
monomials of lo, the image under d^^ doesn't contain the variable d^^'^'^^Hj, we obtain d[jV) / 0, 
a contradiction. So a; G F[d^'^Hj | i = 1, . . . — 1, j = 1, . . . , m]. 

Furthermore, since V is iterative, ^V^^'^^^^^^ o V^^'^ = (^^i )V^^'^^^ = 0, and therefore 

p'(p-i)-i 

= ^V(P'(P-1))(&A) = b ■ d^^'^''-'^\Ai) + V(p'(^'-i)-'=)(fo) • d^^\Ai). 

k=0 

If Ai ^ MaitniFQ^), then by the previous lemma, d^P^^^~^^\Ai) has an entry with leading term 
eod^^°^p'^P^^^hjg [d^'''^hj^-^Y° ■ <jj' for some lo' G A, io < and j'o G {1, . . . and the variables 

occurring in d^^(yl/) (k < p\p — 1) — 1) are less than d^^°~^^''^^~^'^^tj^y Moreover, those occurring in 

\J^p'iP-^)-^)(b) are even less than or equal to d^P'^P'^^hm. So we would have ^^P'^P-^^\bAi) ^ 0. 
Therefore Ai G Mat„(F17P). 

At last, since d^^(74;) = 0, in fact Ai G Mat„(AP), which completes the proof. □ 

Theorem 8.7. The category Proj^ of Fc-projective systems over R and the category ICon{nt{R/K) 
are equivalent. Furthermore, if R is an algebraic function field in one variable over K and (j) G 
IDk{R) with (p^^^ / 0, then they are also equivalent to the category IT)r of iterative differential 
modules over {R,(j)) (cf. jMatOl] . Ch. 2 and |MvdP03 j . Ch. 2) and to the category ICon(i?/K). 

Proof. The first statement follows immediately from the previous two propositions, since the given 
maps are functors that are inverses to each other. The proof of Proposition 18.61 shows that the 
integrability condition is not necessary when R is an algebraic function field in one variable. So 
\Con{R/ K) is equivalent to Proj^ in this case. Furthermore, Matzat and van der Put showed in 
[MatOlj . Thm. 2.8, resp. |MvdP03j . Prop. 5.1, that YDr is also equivalent to Proj^. □ 

Corollary 8.8. If K is algebraically closed and R is smooth over K , then the category \Con\n^{R / K) 

is equivalent to the category of stratified modules over R. 

"^For simplicity we use vector notations; bAi denotes the row vector with j-th component X]r=i(^Oij^»i ^-^d ^ 
and djj are always applied to the components of a vector or a matrix. Also we abbreviate (ip/K by Cl. 
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Proof. By the previous theorem, the category IConint(^/-f^) is equivalent to the category Projjij 
of Fc-projective systems over R. Furthermore under the given assumptions, Proj^ is equivalent to 
the category of stratified modules over R, by [Gie75j . Thm. 1.3. So the statement follows. □ 

In the previous section, we have seen that the same corollary holds for char(X) = (cf. Cor. 
17. 3p . However, there is still no proof of this equivalence that works in arbitrary characteristic. 
Furthermore, it is an open question whether stratifications and integrable iterative connections are 
equivalent or even related, when R is not smooth over K. 

9. Higher Connections on Schemes 

Next, we outline a generalisation of modules with iterative connections to modules over schemes. 
Throughout this section, let K he a perfect field, let X be a nonsingular, geometrically integral 
K -scheme which is separated and of finite type over K, and let Ox denote the structure sheaf of 
X. 

Definition 9.1. We define the sheaf of higher differentials on X, denoted by ^x/K: to be the 
sheaf associated to the presheaf given by 

for each open subset U ^ X and by the restriction maps 

for all open subsets V C X, as defined in Proposition 13.121 where : Ox{U) — > Ox{V) is 
the restriction map of Ox- 

Remark 9.2. By Proposition 13.121 for all open subsets V ^ X , the diagram 

Ox{U) ^ ^Ox(U)/K 



OxiV) ^ ^Ox{V)/K 

commutes and so the collection of maps d(p^(^) induces a morphism of sheaves of -fC-algebras 
dx : Ox ^x/K- 

Proposition 9.3. If X is an affine scheme, then the presheaf U ClQ^(jjyj^ is in fact a sheaf 

Proof. The given presheaf is a sheaf if and only if for all open subsets ?7 C X and all open coverings 
\J Ui = U, the sequence 



^ ^Ox(U)/K n ^Ox{U,)/K ^ Yl^C 



^Ox{U,nUj)/K 

is exact. Since this is a sequence of cgas, it suffices to show that the sequence is exact in each 
homogeneous component. 

For every open subset F C [/, OxiY) is a localisation of Ox{U) and so by Proposition 13.121 
^Ox{V)/K — OxiV) ^Ox{U)/K- By Corollary 13.151 the homogeneous components {^Ox{U)/K)k 
(k £ N) are projective Ox{U)-inodules and therefore tensoring with i^OxiU)/K)k is exact. So the 
sequence above is exact in each homogeneous component, if the sequence 

0^Ox{U)^l[Oxm ^ n OxiU^nUj) 
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is exact. But this is true since Ox is itself a sheaf. □ 

As an immediate consequence of this proposition, we have the following corollary: 
Corollary 9.4. For every affine open subset [/ C X, we have Vtx/K{U) = ^Ox{U)/K ■ 
Definition 9.5. Let M be a coherent Ox-module. A higlier connection on M is a morphism of 
sheaves V : M ^ ^x/K '^Ox ^ which locally (i. e. on affine open subsets) is a higher connection in 
the sense of Section HI The higher connection V is called iterative resp. integrable iterative if 
V locally is an iterative resp. integrable iterative connection. 

Remark 9.6. i) By Corollary 14.51 every coherent Ox-niodule M that admits a higher con- 
nection V : M ^ ^x/K ®Ox ^ locally free and of finite rank, 
ii) Following the notion of modules with higher connection over rings, the categories of coherent 
Ox-modules with higher connection, with iterative connection and with integrable iterative 
connection will be denoted by HCon(X/i^), ICon(X/i^') resp. IConint(-'^/-f^)- By stan- 
dard methods of algebraic geometry, one obtains that again HCon(X/ir), \Coti{X/K) and 
IConint(^/-ft^) are tensor categories over K and that they are Tannakian categories. And 
if X has a i^T-rational point, they are in fact neutral Tannakian categories over K. 

10. Picard-Vessiot theory 

In Section [6l we showed that the category of modules with higher connection HCon(ii/i^) 
with fibre functor uk ■ tlCon{R/K) Vect(i^) is a neutral Tannakian category over K and that 
ICon(i2/i^) and IConint(-R/^) are Tannakian subcategories. By Tannaka duality, this means that 
TiCon(R/K) is equivalent to the category of finite dimensional representations of a certain group 
scheme and that ICon(R/K) and IConint(-R/-f^) are equivalent to the category of finite dimensional 
representations of quotients of this group scheme. (In positive characteristic, the group scheme 
associated to IConint(-R/-^) is isomorphic to the fundamental group scheme for F-divided sheaves 
n^'^*''(Spec(-R), a;x) in ^SanOTj . by Thm. 18.71 and Rem. 18.31 ) Furthermore, for every module with 
higher (or iterative or integrable iterative) connection (M, V), one obtains the Tannakian Galois 
group y), which is the group scheme corresponding to the smallest Tannakian subcategory that 
contains (M, V). In this section, we obtain these Galois group schemes for modules with iterative 
connection from another point of view, namely as automorphisms of solution rings (so called pseudo 
Picard-Vessiot rings, or PPV-rings for short). The fact that the automorphism group scheme of 
a PPV-ring of (M, V) is isomorphic to the Tannakian Galois group scheme Gi^m.v) can be shown 
in the same manner as in [vdPSOS], Thm. 2.33 for differential modules, or as in |Pap08| , Sections 
3.5 - 4.5, for t-motives, and is sketched in Remark 110.131 at the end of this section. 

Some of the constructions and proofs given here will be quite similar to those of T. Dyckerhoff 
in |Dyc08| , who used Galois group schemes for obtaining a differential Galois theory in charac- 
teristic zero over non algebraically closed fields of constants. However, we have to deal with an 
additional phenomenon occurring in positive characteristic, namely inseparability of the extensions 
and nonreduced group schemes. 

Since the Picard-Vessiot theory we provide does not only work for modules with iterative con- 
nections, but for a large class of higher derivations, we make the following definition. 

Definition 10.1. Let F be a ii'-algebra and let be an F-cga. A higher derivation 9 : F ^ Vt will 
be called iterable if the following hold: 

(i) For all /c G N the homogeneous component is generated by {9^^\r) \ r G F}. 

(ii) 6 can be extended to a continuous endomorphism : 17 ^ satisfying the iteration rule 

o = {'\^)e^^^'^ e N), or equivalents satisfying o {b.O^) = (a + b).e^ for 

ah a, be K'^P. 



ITERATIVE CONNECTIONS AND NONREDUCED GALOIS GROUPS 



27 



Let 9 be iterable, let M be an F-module and a higher ^-derivation on M. As for higher connections 
we can define an endomorphism on Q ® M by 

Q^{uj(S)x) := 9^{uj) ■ Q{x) 

for all a; G and x E M. The ^-derivation G is called iterable if satisfies the iteration rule 

Example 10.2. The universal derivation dp : F ^ ^f/k is an iterable higher derivation with 
extension d^. Other examples are appropriate extensions of the universal derivation to extensions 
of F (e.g. to PPV-rings R over F for some iterable higher differential equation; cf. Def. 110. 5p . or the 
canonical extension of d^^t) to K{{t)) (i. e. a higher derivation 6 : K{(t)) K{(t)) ®K(t) ^K{t)/K)- 
Further examples are iterative derivations <f> : F ^ -^[[^]] with cj)^^^ ^ (the additional assump- 
tion is only necessary to fulfill condition (i)), and also m-variate iterative derivations cj) : F ^ 
F[[Ti, . . . ,Tm]] defined by F. Heiderich in his Diplomarbeit (cf. |Hei07j ). 

Let Op : F ^ ^Ihe an iterable higher derivation and let L/F he a finite field extension. If L/F 
is separable, then 6p extends uniquely to a higher derivation Ol : L ^ L®(l (cf. Prop. 13.71 and Ex. 
13. Sp . which therefore is also iterable. If L/F is not separable, there may not exists an extension of 
Op to L. However, if Vt has no nilpotent elements, there exists at most one extension, which then is 

k ~ 

iterable. This relies on the fact that for some k > 0, lies in a separable algebraic extension F 

k k 

of F, and hence 9l{sY = Op{s^ ) determines 9l{s) uniquely for all s ^ L. 

Remark 10.3. If a higher derivation 6 : F ^ \s iterable, the extension 0q is unique, since is 
generated by 9^^\F) for all k. Furthermore, the iteration rule implies that 6^ is an automorphism 
of Q. 

From now on, we fix an arbitrary field K, a field F containing K, an F-cga having no 
zero-divisors, and an iterable higher derivation 6 : F ^ Q, such that K = {t £ F \ 9{t) = t}. 
We introduce some notation. 

Definition 10.4. A 0-ring is an F-algebra R together with an iterable higher derivation 
On '■ R ^ R that extends 9. The pair (R, 9r) is called a 0-fieId, if ii is a field. The set 
Cr := {r G i? I 6'/j(r) = r 1} is called the ring of constants of {R, 9r). An ideal I < Ris called 

a ^-ideal if for all fc E N, 9^^\l) C I (g) 0^; R is ^-simple if R has no proper nontrivial ^-ideals. 
Localisations of ^-rings are again 0-rings by 9{^) := 9{r)9{s)~^ (as for iterative derivations one 
easily shows that these extensions are again iterable) . The tensor product Ri^p R of two ^-rings R 
and is a 9-nng by 

i+j=k 

for all A; > 0, r G i? and f G i?. A homomorphism of 0-rings f : R ^ R is called a 0-homomor- 
phism if 9j^o f = (/ (gi id^) o 9ji. The set of all 0-homomorphisms is denoted by Hom^ {R, R) . 
Furthermore for 0-rings R > R > F, the set of ^-automorphisms of R that leave the elements of R 
fixed, is denoted by Aut^ (R/R). 

Given a 0-ring R and a /C-algebra L, the tensor product R ®k L can be given the structure of a 
9-img by 9R(^j^L{r ® a) = 9ji{r) a {r £ R, a £ L). We say that 9ji is extended trivially to 
R^K L. 
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Let A = Xlfclo^fc ^ GL„(Q) with Aq = 1„ (identity matrix) and for all k,l e^, = 
^i-^-j=l G^^H^k) • Aj G Mat(n x n), (^k+i)- Then an equation 

(*) 0iy) = Ay, 

where y is a vector of indeterminates, is called an iterable higher differential equation. 

Notice that the condition on the matrices A/, is the same as to say that for an i^-vector space M 
with basis b = (bi,. . . ,bn), the 0-derivation defined by 0(6) = bA~^ is iterable, and a vector 
X € -F" is a solution of the equation Q, if and only if bx € M is constant, i. e. satisfies @{bx) = bx. 

Definition 10.5. A 6'-ring {R, Or) is called a pseudo Picard-Vessiot ring (PPV-ring) for 9{y) = 
Ay, if the following holds: 

i) R is 0-simple. 

ii) There is a fundamental solution matrix Y G GL„(i?), i.e. an invertible matrix satisfying 
OniY) = AY. 

iii) As an F-algebra, R is generated by the coefficients of Y and by det(y)~^. 

iv) Cr = Cf = K. 

The quotient field E = Quot(i?) is called a pseudo PV-field for the equation Q. 

Remark 10.6. Analogous to [MatOlj . Prop. 3.2, resp. |MvdP03] . Lemma 3.2, one shows that R is 
an integral domain, so the quotient field E exists. Furthermore, for every ^-simple O-i'vag which is 
finitely generated as an F-algebra, its constants are algebraic over K. Hence if K is algebraically 
closed, a PPV-ring for the equation Q is given by i? = S/P, where S := F[Xij, dei{X)^^ \ i,j = 
1, . . . , n] is a 0-ring by 9s{X) := AX and P <S is a maximal 0-ideal. Hence in this case PPV-rings 
always exist and - by a similar proof as for [MatOlj . Thm. 3.4 - are unique up to ^-isomorphisms. 

For a PPV-ring R/F we define the functor 

Aut^(i?/F) : (Algebras/i<:) ^ (Groups), L ^ Aut^RL/FL) 

where Fl := F (^k L, Ri := R (^k L and 9 resp. 9pi is extended trivially to Fl resp. Rl- 

We will show that the functor Aut^ (R/F) is representable by a iC-algebra of finite type and 
hence is an affine group scheme of finite type over K. 

Lemma 10.7. Let R be a 9-simple 9-ring with Cr = K , let L be a finitely generated K-algebra and 
Rl '■= R®K L, with 9-structure trivially extended from R. Then there is a bijection 

1{L) — 1\Rl) 

I I ^ Rl{1®k I) = R®K I 

Jn(i0ii-L) ^ — I J 

between the ideals of L and the 9-ideals of Rl- 

Proof. Obviously, both maps are well defined, so we only have to show that they are inverses to 
each other. 

(i) We need to show that for / G T{L), we have {R ®k I) n (1 ®k L) = L 

It is clear that / is contained in the left side. For the other inclusion, let {ei \ i G A^} be a X-basis of 
I. Then {R®kI) is a free i?- module with the same basis and an element / = X^jg^y ^ {R®kI) 

is constant, if and only if all are constant, i. e. if / G /. 

(ii) We need to show that for J G Xq{Rl), we have R ®k {J H (1 ®k L)) = J. 

It is clear that the left side is contained in J, since J is an ideal. For the other inclusion, let 
{cj I i G A^} be a AT-basis of L, where A^ denotes an index set. Then {cj | i G A^} also is a basis for 
the free i2-module Rl- 
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For any subset Nq C N and io £ Nq, let ^No,io ^ ^ denote the ideal of all r e i? such that there 
exists an element g = J^j^Nq ® G J with Sj,, = r. We will show that ^No,io is a 6'-ideal of R 
and so by ^-simplicity of R is equal to (0) or to R: 

Let r G ^No,io^ 9 — J2jeNo ® £ J with Si^ = r and A; G N. We have to show that 9^l^\r) G 
2tAro,io CSi^fc- So let {uJa} be an F-basis of and let (/q, G i?L such that 9^^\g) = g^^uja- Since 
J is a 6'-ideal, we have i^q, G J. On the other hand, let 6^'^\sj) = Sa,j ^ uJa for some G i?, 
then 

^^''H^) = Yl ^^''^(^i) ® = ® ® 

So (7q, = J2jeNo ® ^'^'^ therefore Sa,io G 2t7Vo,io- Hence, 

a 

Now, let A'^o C be a subset, which is minimal for the property that ^No,io (0) at least 
one index io G A'^o (minimal in the lattice of subsets). So there exists / = YljeNo ® ^ J with 
= 1 and by minimality of A^oi for all A; > we obtain = Y.jeNo 0^^\rj) ej = 0. Hence 

/G Jn(i®x L). 

Now let g = YljeN ® e.j ^ J be an arbitrary element and denote by A''! the set of indices j where 
Sj 7^ 0. By definition, for all i £ Ni, ^Ni,i ^ (0). Hence there is A^o ^ -^i minimal as above, io G A^o 
and / = ^jgjvg Tj ej G Jn (1 0k L) with r^p = 1. By induction on the magnitude of A''i, we may 
assume that g — Si^f G R (dx (J H (1 L)) C J. So g = {g — Si^f) + si^f G R ®k (J H (1 (^k L)) 
and hence (Jn L)) = J. □ 

Proposition 10.8. Let R be a PPV-ring for the equation Q and let T > F be a 6-simple 9-ring 
with Ct = K such that there exists a fundamental solution matrix Y G GL„(r). Then there exists 
a finitely generated K -algebra U and a T -linear 9 -isomorphism 

-1t:T®fR^T®kU, 

where (again) the 9-structure is extended trivially to T 0x U . 
(Actually U is isomorphic to the ring of constants of T ®f R-) 

Proof. R is obtained as a quotient of X^-*^] with ^-structure given by 9{X) = AX (for short 
we write F[X,X-^] instead of F[Xij , detiX)"^]) by a maximal 6'-ideal P < F[X,X-'^]. Let L := 
K[Z,Z~^] = K[GLn]. We then define a T-linear homomorphism 

F[X, X~^] -^T<g)K K[Z, Z'^] 

by Xij 1-^ X^fc=i <Si Z^j (or X Y <^ Z for short). 7^ is indeed an isomorphism and - if we 
extend the ^-structure trivially to T (^k K[Z, Z~^] - 77- is a 6'-isomorphism. 

By the previous lemma, the 0-ideal jriT <8) P) is equal to T I for an ideal I < K[Z, Z^^\. So for 
U := K[Z, Z~^]/I, 7t induces a ^-isomorphism 

-fT ■■T(S)fR^T(S)kU. 

□ 

Proposition 10.9. Let R be a PPV-ring over F. Then the group functor Au^ [R/ F) is represented 
by the finitely generated K -algebra U = Cr^pR, i. e. Aut ^ (R/F) is an affine group scheme of finite 
type over K, which we call the Galois group scheme Gal(i2/-F) of R over F or also the Galois 
group scheme GaX jElF) of E := Quot(i?) over F. 
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Proof. First we show that for every i^-algebra L any Fx,-hnear 0-homomorphism f : Rl ^ Rl 
is an isomorphism: The kernel of such a homomorphism / is a ^-ideal of R^ and so by Lemma 
110.71 it is generated by constants, i.e. elements in 1 03 L. But / is L-linear and so Ker(/) = {0}. 
If X € GL„(i?) is a fundamental matrix, then f{X) E GL„(i?^) is also a fundamental matrix 
and so there is a matrix D £ GL„,(C/j^) = GL„(L) such that X = f{X)D = f{XD). Hence 
Xij, det(X)~-'^ E (i, j = 1, . . . , n), and since R is generated over F by the Xij and by det(X)~-'^, 

the homomorphism / is also surjective. 

Using the isomorphism 7 := 7/j of Prop. 110.81 for a X-algebra L, we obtain a chain of isomor- 
phisms: 

Ant\RL/FL) = Ror4,^{RL,RL) = ^om'^p^{FL0FR,RL) 
^ Rom%{R(g)F R,Rl) 
^ Rom%{R^KU,RL) 
^ Hom^(?7,flL) 
^ RomK{U,L) 

So U is representing the functor Aut ^ (R/ F). □ 

Remark 10.10. A careful look at the isomorphisms in the previous proof shows that the universal 
object idif G Homi^(C/, [/) corresponds to the ^-automorphism p (g) id[/ : R (^k U ^ R ®k U, 
where /) = 7^ o (1 id/j) : R ^ R fSip R ^ R ®K U. Furthermore we obtain that the action of 
g £ Aut ^ (R/F)(L) = Homx(?7, L) on r G i? is given by 

g.r = (idR g) {-/r{1 (S)r)) gR ®k L. 

Corollary 10.11. Let R he a PPV-ring over F and Q := Gal (R/ F) the Galois group scheme of R. 
Then Spec(i?) is a Qp-torsor. 

Proof. The isomorphism 7 = 7^ of Proposition 110.81 determines an isomorphism of schemes 

Spec(7) : Spec(i?) xp Qp = Spec(i?) x/^ ^ — > Spec(-R) x p Spec(i?). 

By the previous remark and i?-linearity of 7, the composition of Spec(7) with the second projection 
is the morphism which describes the action of Gp on Spec(i2), and the composition of Spec(7) with 
the first projection is equal to the first projection Spec(i?) Xp Gp ^ Spec(i?). In other words, 
Spec(-R) is a ^i^-torsor. □ 

The next proposition shows that being a torsor indicates a 0-simple 0-ring to be a PPV-ring. 

Proposition 10.12. Let R/F be a 9-simple 9-ring with constants Cr = K. Further let Q < 
Ghn,K be an affine group scheme over K and assume that Spec(i?) is a Qp -torsor such that the 
corresponding isomorphism : R®p R ^ R ®k K[Q] is a 6 -isomorphism. Then R is a PPV-ring 
over F. 

Proof. Since Spec(i?) is a ^iT'-torsor, the fibration Spec(i2) x^^ Gljn,F is a GL„^ir-torsor. (The 
scheme Spec(i?) x^^ G\jn,F is obtained as the quotient of the direct product by the action of 
Qp given by {x,h).g := {xg,g~^h), and is a right GL„^i?-scheme by the action on the second 
factor.) By Hilbert 90, every GLji^i?-torsor is trivial, i.e. we have a GL^^i^'-equivariant isomorphism 
Spec(i?) x^p GL„jr GL„^j?. Then the closed embedding Spec(i2) ^ Spec(i2) x^^ GLn,F GL„_i7 
induces an epimorphism R which is ^iT'-equivariant. Let the image of X be denoted 

by Y. We then obtain that the action of ^ on y is given hy Y ^ Y ■ g for any L- valued point 
g G G{L) C GL„(L). Since by assumption for every i^T-algebra L, the action of G{L) commutes 
with 9, the matrix 9(Y)Y~^ is ^-invariant. So 9{Y)Y~^ =: A £ GL„(r2), and y is a fundamental 
solution matrix for the equation 9{y) = Ay. Hence -R is a PPV-ring. □ 
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Remark 10.13. As indicated in the beginning of this section, the Tannakian Galois group scheme 
^(M,v) of ^ module with iterative connection and the Galois group scheme of a PPV-extension for 
(M, V) are isomorphic. We now sketch this isomorphism. 

So let K he a. perfect field, and let S be a regular integral domain which is the localisation 
of a finitely generated ivT-algebra, and such that there is a maximal ideal m ^ 5 with S/m = K. 
Furthermore, let (M, V) G ICon(5/i^), and let F := Quot(5) denote the quotient field of S and 
9 := dp : F ^ ^F/K the universal derivation of F. Since M is a locally free module (cf. Cor. 
14. Sp . by [Hart77j . Ch.II, Lemma 8.9, there exists a basis h := . . . of the F-vector space 
F ®s M with bi S M (i = 1, . . . , n), and such that the residue classes in M/mM form a -fC-basis 
of M/mM. We assume that there exists a PPV-ring R for the corresponding iterable differential 
equation V(ba;) = bx with fundamental solution matrix Y £ GLn{R)- 

For obtaining the correspondence, we fix an isomorphism of /^-modules if : R 05 M ^ R f^is M 
given by = bY. The correspondence is then given as follows: 

For any ii'-algebra L (with trivial ^-structure), an element a £ G(m,v){L) is determined by 
(Tm & GL(L ®x <^k{M)) which can be identified with a matrix £ GL„(L) by aM^b) = bDu. 
So ctm induces an {R (^k -L)-linear automorphism aM of {R (^k L) ®s M by 6 bD^j and we 
obtain a ^-isomorphism a := (po ° of (R ®k 05 M mapping the constant basis bY to the 
constant basis bYD^. One shows that this induces a ^-isomorphism of R ®k L over F 0k L given 
hyY^ YD„, i.e. an element of Gal( R/F)(L). 

On the other hand, every ^-isomorphism of R f^iK L over F ®k L is given by 1" i-^ YD for some 
D e GL„(L) and by reversing the steps above, one obtains an element um £ GL(L (^k <^k{M)), 
and one shows that indeed cjm defines an element a £ v)(-^)- 

11. Galois correspondence 

In this section, we prove a Galois correspondence between all intermediate ^-fields of a PPV- 
extension E/F and all closed subgroup schemes of the Galois group scheme Gal ( E/F). This includes 
^-fields over which E is inseparable and nonreduced subgroup schemes, and hence is an improvement 
of the correspondence given by Matzat and van der Put (cf. [MvdPO.Sj . Thm. 3.5), which only 
considers reduced subgroup schemes and intermediate fields over which E is separable. (However, 
this separability condition is missing in their statement, but has been added for example in |Ama07] . 
Thm. 2.5, and in [HeiOTj . Thm. 6.5.2.) 

Remark 11.1. One should also mention the work of M. Takeuchi (cf. |Tak89| ) on a Picard- 
Vessiot theory of so called C-ferential fields (a huge class of fields with extra structure to which the 
iterative differential fields and the ^-fields defined below belong). But Takeuchi used a definition of 
a PV-extension, that differs from ours and the "usual" one. The main difference is that instead of 
requiring the existence of a fundamental solution matrix he imposed a condition which is equivalent 
to an isomorphism R i^if R — R '^K Cri^pR. (Here F denotes a C-ferential field, R a PV-ring over 
F, K = Cf = Cr the field of constants of F and R, and Cr^pR the constants of R <Sif R] cf. 
|Tak89 ] ■ Def. 2.3). Showing that this isomorphism also exists by our definition was the statement 
of Proposition 110.81 In fact. Proposition 110.81 and Proposition 110.12] implv that both definitions 
coincide in the case of ^-fields. Our Galois correspondence is quite the same as the one given by 
Takeuchi (cf. |Tak89j . Thm 2.10), but we give maps in both directions (Takeuchi only constructed 
the subgroup scheme corresponding to an intermediate field) and also include the correspondence 
of the separability condition and the reducedness condition (separability and reducedness are not 
mentioned at all in Takeuchi's work). 

In order to provide the Galois correspondence for PPV-extensions, we need a functorial definition 
of invariants. Let be a iC-algebra and Ti/K be a subgroup functor of the functor Knt iS I K), i. e. 
for every X-algebra L, the set T~i{L) is a group acting on Sl and this action is functorial in L. An 
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element s G 5 is then called invariant if for all L, the element s (g 1 G S'l is invariant under 7i(L). 
The ring of invariants is denoted by S'^. (In | Jan03j . 1.2.10 the invariant elements are called "fixed 
points".) Let E = Quot(S') be the localisation of S by all non zero divisors. We call an element 
e = ^ £ E invariant under TC, if for all i^-algebras L and all h £ Ti-^L), 

h.{r 1) • (s O 1) = (r 1) • 1) G S" ®/r L. 

The ring of invariants of E is denoted by E^. One can easily verify that this definition of an 
invariant element e G E is independent of the chosen representation ^ . 

Remark 11.2. One has to take care that in general the group functor Aut ( S/K) is not a subgroup 
functor of Aut(E/K), because not every automorphism S (^k L ^ S ®k L can be extended to an 
automorphism E (^k L ^ E (^k L. Hence a subgroup functor Ti of Ani iS/K) does not have to 
be a subgroup functor of KvLi jE / K). That is why we use this more complicated definition of the 
invariants E^. 

In the following, let Rhe a PPV-ring over F, E = Quot(it!) its quotient field and Q = Gal ( R/F) 
the Galois group scheme of R over F. 

Lemma 11.3. Let TC < Q be a closed subgroup scheme and let vr^ : K[Q] — > K[7i] denote the 
epimorphism corresponding to the inclusion 7i ^ Q. Then an element - G E is invariant under 
the action of 7i if and only ifr®s — s®r is in the kernel of the map 

(idi? 0TT^) o-f : R0P R^ R^K K[n]. 

Proof. An element ^ £ E is invariant under the action of TC if and only if it is invariant under the 
universal element in TC, namely vr^ G Q{K[H]). By Remark 110.101 and i?-linearity of 7, we have 

(idj?®7r^)(7(r® s)) = (r ® 1) • 7r^.(s 1) G R(g)KK[TC]. 
Hence r®s — s(g)r is in the considered kernel if and only if ^ is invariant under TC. □ 

Theorem 11.4. For every closed subgroup scheme TC < Q, the ring E^ is a 6 -field. Furthermore 
we have E^ = F if and only ifTC = Q . 

Proof. By the previous lemma, it is obvious that -B^ is a field. Next let ^ £ E'^. Then for all 
A; G N, we have 

e^'^Xr (g) s - s eg) r) • (s'' O s'') 

Yl 0^''\-)s''e'^'^\s) e'^'-^\s)s'' - ^(n)(!:)5fc^{i3)(5) 

Y ® 0^''\s)'^ (d^''\-)s'' ^s'^-s''^ e(*i)(-)s'=) 

h+i2+i3=k 
i+j=k 

The left hand side lies in Ker((id^ vr^) o 7) fj^, since the kernel is a 0-ideal. So by induction, 
we obtain {s s) (^^(f )s'= (g) s'' - s'' e^''\'!^Js^) G Ker((idif^ ® vr^) o j) Q,, and hence ^^(f ) G 
E'^ (g) VLk. 

For the second statement: li TC = then vr^ = id^^jg] and the considered kernel is trivial. 
Hence r®s = s®r£R®FR for all - G E^ . So r = c ■ s for an appropriate element c G i^, i. e. 
i=cGF. 

Assume TC <Q. Since X = Spec(i?) is a ^iT'-torsor, the quotient scheme X /Gf is equal to Spec(F), 
in particular it is a scheme, and since Qp and TCp are affine, Qp/TCp also is a scheme. So by 
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[Jan03j,1.5. 16.(1), X /Hp = X x^p {Qf/'Hf) is a scheme, too. Let U C X /Tip be an arbitrary affine 
open subset and lA = pr~^(^) C X its inverse image, where pr : — > X /Tip denotes the canonical 
projection. Then we get a monomorphism pr^ : Ox/Uf^) ~^ Ox{hi)^ whose image is Ox{U)^. 
If E'^ = F, then also Ox{U)'^ = F. So for every open affine subset U C X/Tip, we would have 
O X /Hf^) = i- e. hi = Spec(F) is a single point. Hence X/TCp = Spec(-F) which contradicts the 
assumption TL < Q. □ 

Theorem 11.5. (Galois correspondence) 

i) There is an antiisomorphism of the lattices 

S) := {Ti \7i <Q closed subgroup schemes of G} 

and 

dJl:= {M \ F < M < E intermediate 9 -fields} 
given by ^ : ^ m,n ^ E'^ and : ^ f), M ^ Gal(RM/M) . 

ii) If'H<Q is normal, then E^ = Quot(i?^) and is a PPV-ring over F with Galois group 
scheme G^{R^/F) ^g/H. 

iii) If M is stable under the action of Q, then 7i := <I>(M) is a normal subgroup scheme of 
g, M is a PPV-extension of F and Gal{R n M/F) ^ Q/Ti. 

iv) For 7{ £ $), the extension E/E'^ is separable if and only ifTi is reduced. 

Proof, i) Let M G 9Jl be an intermediate 0-field. Then the composite RM <^ E oi R and M is a 
PPV-ring over M. Furthermore, the canonical 0-epimorphism RM ®p R RM ®m -RM gives rise 
to a ^-epimorphism 

RM®K K[g] RM 0pR^ RM ®m RM. 

By Lemma 110.71 the kernel of this epimorphism is given by RM ®k I for an ideal I <K[Q]. Let 7i 
denote the closed subscheme of Q defined by I, then 7rm induces an isomorphism 

RM0M RM ^ RM (g)K K[n]. 

By construction, this isomorphism is the isomorphism 7 for the base field M. Hence the subscheme 
Ti. equals the Galois group scheme Gal ( RM/M). So Gal iRM/M) is indeed a closed subgroup 
scheme of Q. 

From Theorem lll.4l - applied to the extension E/M - we see that ^Gal(flM/M) = M, so ^-o^) = idgm- 
On the other hand, for given Ti $) and M := E'^, we obtain a 0-epimorphism RM 0m RM — > 
RM K\H] induced from ^rm- This gives W as a closed subgroup scheme of Gsl{RM/M). But 
(Quot(iiM))^ = E'^ = M, and so by TheoremHTil we have H = G&MRM/M). Hence ^o^ = id^^. 
ii) Let 7i < Q he normal. The isomorphism 7 is "H-equivariant (by the action of 7i on the right 
factor) and hence we get a ^-isomorphism 

R®F R^ = R®KK[g]^. 

Since TL is normal, Q /TL is an affine group scheme with K[g /TL] = K[g]'^ (cf. [D(;7nj .III.S3. Thm. 
5.6 and 5.8). Again by taking invariants (this time TL acting on the first factor) the isomorphism 
above restricts to an isomorphism 

R^ ^P R^ ^ R^ (^K K[g/TL\. 

RJ^ is ^-simple, because for every (9-ideal P <R^, the ideal P ■ R<R is a ^-ideal, hence equals 
(0) or R, and so P = (P ■ R)'^ is (0) or R^. Since F < R'^ < R, we also have C^n = K. So by 
Proposition [lOJJl R'^ is a PPV-ring over F with Galois group scheme Q /TL. It remains to show 
that E'^ = Quot(i?^): 

Let F := Quot(ii^) and G := Gal{E/F). Then TL is a normal subgroup of Q and by the previous. 
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{R ■ F)^ is a (q/T-L^ ,-torsor. But {R ■ F)^ = R^ . F = F , so G = H, and hence E'^ = = F = 
Quot(i?^). 

hi) It suffices to show that 7i is normal in Q. The rest then follows from ii) , Let L be a i^T-algebra 
and let h G T~i{L) and g G Q{L). Then for all r G n M, we have 

ghg-\{r ® 1) = gh.{g-\{r 1)) = g.{g'\{r 1)) = (r 1), 

since g(~^.(r (8) 1) G (i? H M) (^/f L by ^-stability of M. So ghg^^ G 'H(L), and therefore H is normal 
in Q. 

iv) Without loss of generality let TL = Q. If ^ is reduced, then F = E^ = E^^^^ and hence 
E ®K K /F ®K K is separable, and so E/F is separable. On the other hand, if Q is not reduced, 
then R®F R — R ®K K[Q] is not reduced. Hence E ®p E is not reduced. But this is just one 
criterion for E/F being inseparable (cf. [Mats89j . beginning of Sect. 26). □ 

Corollary 11.6. Let E/F he a PPV-extension with Galois group scheme Q. Then E/F is a purely 
inseparable extension if and only if Q is an infinitesimal group scheme. 

Proof. Let Q be infinitesimal and let ev : K[Q] ^ K denote the evaluation map corresponding to 
the neutral element of the group. Then for any ^ G i?, we have (id ® ev){^{r (8) s — s r)) = 0. 
Since Q is infinitesimal, the kernel of ev is the nilradical, and hence there is some /c G N such that 

k k k k k 

(r s — s r)P = 0, where p = char(F). Therefore (8) = (8 ^ E 0p E which means 
that ^—^ G F. So E/F is purely inseparable. On the other hand, if E/F is purely inseparable, 

sP _ _ _ _ _ 

then G{K) = Aut^{E K / F K) is the trivial group, since E ^x K /F ®x K also is a purely 
inseparable extension. Hence Q is infinitesimal. □ 

Corollary 11.7. Let p := char(F) > 0. If Kei {9 p^) = F^ , then all PPV- extensions E/F are 
separable, and the corresponding Galois group schemes are reduced. 

Proof. By Thm. I11.5l iv). the separability of a PPV-extension E/F is equivalent to the reducedness 
of Gal jE / F). Assume, there exists an inseparable PPV-extension E/F. Then there is an inseparable 
element e £ E, with minimal polynomial f{X) = Y17=o ^i-^^^ ^ ^i-^] some G F, On = 1- So 
we obtain: 

n n n—1 

= e^^\f{e)) = Y^9^p{a,)e'P + Y,ai{ip)e^''-^d^^\e) = ^e«(a,)e^^ 

j=0 i=0 i=0 

Since / is the minimal polynomial of e, this implies 6^p\ai) = for all i. Hence by assumption 
ai G FP. But then f{X) = g{X)P, where g{X) = Y,7=o V^i^' ^ ^[^]> which means that / is not 
irreducible - a contradiction. □ 

Example 11.8. We consider some examples for subfields of {K({t)),6), where 6 := (pt & IDxiKiit))) 
is the iterative derivation with respect to t (cf. Example 13. 3p and K denotes a field of characteristic 
p > 0. For simplicity we assume that K is algebraically closed, 
i) Let F = K{t) C K{{t)). Then the IDE given by 

has a PPV-ring R = F[s,.s~^] and PPV-field E = F{s), where s is a solution of the IDE. 
This implies that Gal(£'/-F) is a subgroup of Gm- If the ai are chosen appropriately then 
we have G^{E/F) = (cf. [MatniJ . Thm. 3.13, resp. [MvdP03] . Section 4) and s is 
transcendental over F. Furthermore the isomorphism ^ : R®p R ^ R ®x K[Grn\ is given 
byl(8si-^s(8x {K[Gm] =■ K[x, x~^])- 

All closed subg roup schemes of Gm are given by the ideals (x'^ — l)<K[x,x ^] for G N (the 
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SO called subgroups fj.^ of k-th. roots of unity) and the corresponding intermediate ^-fields 
are E^'' = Quot(i?'^*) = F{s^). Hence, there are also intermediate 0-fields over which E is 
inseparable, namely for all A; > that are divisible by p. 



ii) Let F C K{{t)) be the subfield generated over K by t, si := Hl^o ( 1 + ^"'^ ) and S2 := 



A solution of this IDE is given by (H) £ K{{t)f with = {I + t'^o)-i . and rf = 
(1 + • 82- Hence the corresponding PPV-ring is i? = -F[ri,r2] and the Galois group 

scheme - a priori a subgroup of Gm x Gm - is equal to fip x Hp. The action of the Galois 
group scheme on R is given by the homomorphism p : R ^ R (^k K[fip x fj,p] = R ®k 
K[xi,X2\/ {x\ — 1, ^2 — 1), which maps r.j to (8)Xj (i = 1, 2). Since the nontrivial subgroups 
of pp X Hp are given by the ideals {xiX2 — 1) '^K[xi,X2]/ {x\ — 1, X2 — 1) {k G {0, 1, . . . ,p — 1}) 
and {xi — K[xi,X2\/ {x'l — 1, X2 — 1), there are exactly p + 1 intermediate ^-fields unequal 
to E and F, namely -F(rfr2) resp. F{ri). 

So in this case, although E/F has infinitely many intermediate fields, there are only 
finitely many intermediate ^-fields, 
iii) Let F C K{{t)) be the subfield generated over K by t, si := Yl'iZo '^i^^ and S2 ■= J2'iZo ' 
where ai,bi £ ¥p are chosen such that t, si, S2 are algebraically independent. In this case we 
also have a purely inseparable PPV-extension of degree p^, namely E = F{ri,r2) ^ K{{t)) 
with r\ = si — aot, = S2 — bot. ri is a solution of the IDE 



and r2 a solution of the IDE with 0/+1 replaced by 6;+!. Hence the Galois group scheme - 
a subgroup scheme of Gq x Gq - is equal to Up x ap (where Up denotes the Frobenius kernel 
inside Go)- 

In this case, there are infinitely many intermediate ^-fields, since Up x ap has infinitely 
many subgroups which are given by the ideals {ayi + by2) ^ y2]/(yi , yf) ^[(^v ^ 
ia,b£ K). 

The action is given hy p : R ^ R ®k K[yi,y2]/ {ui-, yf) with p(rj) = rj 1 + 1 (g) yj (z = 1, 2). 
So the corresponding intermediate ^-fields are F{ar\ + br2), a,b € K. 

Comparing this example with the one before, we see that - even for finite extensions - the 
Galois group scheme depends on the iterative derivation. This is contrary to finite separable 
PPV-extensions, where the Galois group is already determined by the extension of fields 



In this section we compare our results for finite purely inseparable PPV-extensions with the 
Galois theory for purely inseparable field extensions given by Chase in |Cha76j . 

So let us first give a brief overview on some results in jCha76] : Let E/F be a purely inseparable 
field extension. Then the group functor 




Hi^o (-'■ + t^''^j: where ai,bi G {0, 1, ... ,p — 1} are chosen such that t, si and S2 are alge- 
braically independent. Consider the IDE 





itself (cf. [MatOlj . Thm. 1.15). 



12. Finite inseparable extensions 



Gt{E/F) : (TruncAlg/F) ^ (Groups), L ^ Aut(S 0^ L/L) 
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from the category of truncated F-algebras (i. e. algebras of the form 

F[ti, . . . , . . . , t"' )) to the category of groups is representable by a truncated F-algebra 

U . If the extension E/F is modular (i. e. for all i G N, -E^' and F are linearly disjoint over E"^' HF), 
then = F and (Myclf{U) = [E : F'^^'^y In this case, there is a Galois correspondence 

between the intermediate fields F < M < E, s.t. E/M is modular and certain closed subgroup 
schemes of Gt{E/F), given in the usual way by taking fixed fields respectively subgroups fixing the 
given intermediate field. Furthermore, he showed that a purely inseparable field extension E/F 
is modular if and only if there exists a truncated group scheme Q (i. e. an affine group scheme 
represented by a truncated -F-algebra) which acts on E/F, s.t. Spec(£') is a ^-torsor. Given such 
a group scheme Q, then Gt{E/F) = Q{E ®f —) as truncated group schemes over F. However, 
although the group scheme Gt{E/F) is unique, there might be several such group schemes Q. 

Return now to the case that E/F is a purely inseparable PPV-extension and Q := Gsl jE / F). 
By Prop. 111.61 G is infinitesimal and since K is perfect, K[Q] is a truncated X-algebra (cf. |DG70j . 
Ill, §3, Cor. 6.3) and so F[Q] is a truncated F-algebra. As shown in Corollary 110. IH F is a Qp- 
torsor. 

By the statements above, we obtain that E/F is a modular field extension and that Gt{E/F) equals 
Qf{E®f —)■ So we can regain the truncated Galois group scheme Gt{E/F) from our Galois group 
scheme Gal(E/F). 

However, starting with Gt{E/F), the iterable higher derivation leads to a natural choice for 
a group scheme Qp < Gt{E/F) over which F is a torsor (namely Gal (E/F) p) and also gives 
a natural description of the intermediate fields corresponding to the closed subgroup schemes of 
Q. For instance, in Example lll.8l ii)+ iii), F = K{t, si, S2) is the rational function field in three 
variables and E/F is a purely inseparable field extension of degree and exponent 1. Hence in both 
examples, we have the same (abstract) field extension. But in one case the iterable higher derivation 
leads to the Galois group scheme Gal ( E/F) = OpXap and in the other case to Gal ( E/F) = jipX fip. 
Other iterable higher derivations would also lead to different Galois group schemes. The truncated 
Galois group scheme Gt{E/F) only gives a bound on which Galois group schemes Gal {E/ F) may 
occur, because every one of them will be a closed subgroup scheme of Gt{E/F). 
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